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Abstract
We compute one-loop renormalization group equations for non-singlet twist-four operators
in QCD. The calculation heavily relies on the light-cone gauge formalism in the momentum
fraction space that essentially rephrases the analysis of all two-to-two and two-to-three transition
kernels to purely algebraic manipulations both for non- and quasipartonic operators. This is
the first brute force calculation of this sector available in the literature. Fourier transforming
our findings to the coordinate space, we checked them against available results obtained within
a conformal symmetry-based formalism that bypasses explicit diagrammatic calculations and
confirmed agreement with the latter.
Dedicated to the memory of Eduard A. Kuraev
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1 Introduction
The leading power approximation to QCD processes with large momentum transfer, such as the
deep-inelastic and deeply virtual Compton scattering, admits an intuitive probabilistic descrip-
tion in the framework of the Feynman parton model [1]. According to the latter, physical cross
sections are expressible in terms of (generalized) parton distribution functions. The QCD im-
proved picture arises via systematic inclusions of quantum corrections to probe-parton scattering
amplitudes as well as renormalization effects of leading twist Wilson operators that parametrize
Feynman parton densities. More subtle effects arise from power-suppressed contributions to
hadronic cross sections since they encode information on interference of hadronic wave functions
with different number of partons. On the one hand, these are of interest in their own right since
they provide access to intricate QCD dynamics [2]. On the other hand, they can be regarded as
a QCD contaminating background to high precision measurement of New Physics, see, e.g., [3].
In either case, understanding these contributions quantitatively is indispensable at the precision
frontier. Since data is typically taken at different values of the momentum transfer, at some point
one has to incorporate effects of logarithmic scaling violation stemming from renormalization of
higher twist operators. The task of their unravelling at twist-four level will be undertaken in the
present study.
Until very recently, only partial results for certain subsets of operators were available in the
literature [4]. A special class of operators out of all higher twists is known as quasipartonic.
They can be characterized either as composite fields built from on-shell fields of the Feynman
parton model or understood as operators with their twist equal to their length, i.e., the number
of fields that form them. For this class of operators a systematic approach to constructing
high-twist evolution equations was developed about three decades ago by Bukhvostov, Frolov,
Lipatov and Kuraev in Ref. [5]. At leading order in QCD coupling, the evolution kernel for
these was found as a sum of pairwise interaction kernels between elementary fields comprising
the operators in question. The particle number-preserving nature allows one to map it to a
Hamiltonian quantum mechanical problem. This advantage was explored in a number of works
at twist three level [6]1 starting from [8]. Eventually, the problem was mapped into an exactly
solvable lattice model [9, 10]. However, while the quasipartonic operators form a subset closed
under the renormalization group evolution [5, 11], they do not exhaust the set of all operators
contributing at a given twist. The remaining ones are dubbed non-quasipartonic and they contain
at least one bad field component in the formalism of light-cone quantization. These operators are
characterized by the property that their twist is greater than their length. Their evolution does
not preserve the number of fields in quantum transitions and thus their study is more elaborate.
In the twist three case alluded to above, this was not a pressing issue since the use of QCD
equations of motion allows one to remove all non-quasipartonic operators from the basis. For
even higher twists, this is not sufficient and particle number changing transitions involved in the
analysis of non-quasipartonic operators have to be addressed explicitly.
The analysis of the renormalization problem for twist-four operators was completed recently
in the coordinate space [12], i.e., in terms of light-ray composite operators. The formalism is
based on the use of conformal symmetry preserved by leading order QCD evolution equations,
Poincare´ transformations in the transverse plane and a minimal input from Feynman graphs.
Presently we will perform a brute-force computation of Feynman diagrams in the light-cone
gauge and rely on the momentum-space technique which makes the underlying calculation rather
1For a more recent discussion of operator renormalization arising in certain single-spin asymmetries, see [7].
2
straightforward. For an exception of a few subtleties with the use of QCD equation of motion to
recover the particle-number increasing transitions, it reduces to a few algebraic, though rather
tedious, steps.
The choice of the operator basis at higher twists is not unique due to multiple relations among
a redundant set of operators via QCD equations of motion. Thus it is driven by requirements of
simpler transformation properties under residual (conformal) symmetry as well as simplicity of
underlying calculations. In the current work we will adopt the basis of twist-four operators sug-
gested in Ref. [12]. This will allow us to verify our results obtained by an independent calculation
based on a different technique. Since we will focus on the twist-four sector, we have three types
of building blocks at our disposal as two-particle elements of operators in question: good-good,
good-bad and bad-bad light-cone field components. According to traditional classification, they
possess twists two, (at least) three and (at least) four, respectively. We will address only the first
two types, since the last one can be eliminated in hadronic matrix elements in favor of the other
ones containing more fields via QCD equations of motion, as discussed below. Our consideration
will be limited to QCD nonsinglet sector, though partial results for two-to-two transitions will
be reported for the singlet sector as well.
Our subsequent presentation is organized as follows. In the next section, we spell out the
operator basis used in the current calculation and provide a dictionary between the twistor
notations adopted in Ref. [12] and the light-cone conventions used in the present analysis. Then,
we discuss the general structure of twist-four evolution equations and provide a Fourier transform
bridge between the light-ray and momentum fraction space representations. In Sects. 4.1, 4.2
and 4.3, we present evolution kernels for two-to-two quasipartonic, non-quasipartonic and two-
to-three transitions, respectively. As a result of this analysis we find a simplified form of light-ray
evolution kernels for certain evolution kernels which are reported in the Appendices. The latter
also contain technical details on the calculation of Feynman diagrams defining operator mixing
as well as singlet two-to-two transitions.
2 Operator basis
The light-cone dominated processes are parametrized by matrix elements of composite operators
built up by fields localized on a light-cone ray defined by the vector nµ = (1, 0, 0, 1)/
√
2 that
is reciprocal to the large light-cone component of the momentum transfer. Thus they have the
following generic form
O(z1, . . . , zN) = CI1I2...IN [z
−
0 , z
−
1 ]I1J1X
J1
1 (z
−
1 )[z
−
0 , z
−
2 ]I2J2X
J2(z−2 ) . . . [z
−
0 , z
−
N ]INJNX
JN
N (z
−
N) , (1)
where the X-field cumulatively stands for certain components of quark and gluon fields as ex-
plained below. The positions z−k = n¯ · zk of the fields on the light-cone are defined with the help
of a tangent null vector n¯µ = (1, 0, 0,−1)/√2 to the light-cone normalized such that n · n¯ = 1.
The gauge invariance of O is achieved by means of an appropriate contraction of the color indices
Ik (either in the (anti-)fundamental Ik = ik or adjoint representation Ik = ak of the color group)
into an SU(N) singlet with a tensor CI1I2...IN and field coordinates parallel transported to an
arbitrary position z−0 with the help of the Wilson lines
[z−0 , z
−
k ] = P exp
(
ig
∫ z−0
z−
k
dz−A+(z−)
)
. (2)
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Here
A+ = n · A = 1√
2
(A0 + A3) (3)
is the light-cone projection of the gauge field.
2.1 Good and bad light-cone fields
It is well-known that the light-cone gauge
A+ = 0 , (4)
has a number of advantages. First, we observe that the gauge links are gone in Eq. (1) and, as a
consequence, this results in reducing of the number of diagrams contributing to loop amplitudes.
Second, the Feynman parton model arises naturally from the light-cone gauge QCD. Namely,
one decomposes the quark Ψ and gluon fields Aµ,
Ψ = 1
2
γ−γ+Ψ + 1
2
γ+γ−Ψ ≡ Ψ+ +Ψ− , Aµ = nµA− − e¯µ⊥A⊥ − eµ⊥A¯⊥ , (5)
in terms of the good X+ = {Ψ+, A⊥, A¯⊥} and the bad X− = {Ψ−, A−} components, respectively.
Note that for the vector Aµ we defined its minus as follows projection
A− = n¯ ·A = 1√
2
(A0 − A3) , (6)
and, in addition, we decomposed the transverse gauge field in terms of its anti- and holomorphic
components
A¯⊥ = e¯⊥ · A = 1√2(A1 − iA2) , A⊥ = e⊥ · A = 1√2(A1 + iA2) (7)
with the help of the vector eµ⊥ = (0,−1,−i, 0)/
√
2 (and its complex conjugate e¯ = e∗). These
possess helicity h = ±1, respectively, being eigenvalues of the helicity operator [13]
H ≡ e¯µ⊥eν⊥Σµν , (8)
that is built from the spin tensor Σµν entering the Lorentz generators iMµν . The bad components
being non-dynamical in the light-cone time z+ can be integrated out in the path integral and,
thus, only the on-shell propagating modes Ψ+, A⊥ and A¯⊥ are left. We will not perform this
step however and keep all non-propagating degrees of freedom in the QCD Lagrangian since the
classification of operators will be easier in this case and moreover one does not loose Lorentz
covariance. Finally, it is straightforward to construct an operator basis making use of the above
building blocks, namely, the field X in Eq. (1) will have the following components (as well as
their Hermitian conjugates X†)
X = {X+, X−, D⊥X+} , (9)
with D⊥ = e⊥ ·D being the holomorphic covariant derivative Dµ = ∂µ − igAµ.
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2.2 Twistor representation
To make a connection to the basis of Ref. [14], let us recall the twistor formalism used there.
We pass to the spinor representation for Lorentz vectors by contracting them with the two-
dimensional block σµ of four-dimensional Dirac matrices in the chiral representation γµ =
antidiag(σ¯µ, σµ), e.g.,
xαα˙ = xµσ
µ
αα˙ , (10)
where σµ = (1,σ) and σ is the three-vector of Pauli matrices, while σ¯µ = (1,−σ). The light-cone
vectors n and n¯ can be factorized into two twistors λα and µα
nαα˙ = λαλ¯α˙ , n¯αα˙ = µαµ¯α˙ , (11)
where λ∗α = λα˙ and µ
∗
α = µα˙. For the light-cone vectors introduced in the previous section, we
can choose the two-dimensional spinors as λα = (0, 4
√
2) and µα = ( 4
√
2, 0). These twistors will
allow us to construct good and bad fields for specific helicities. Namely, using the decomposition
of the Dirac quark field in chiral representation
Ψ =
(
ψα
χ¯α˙
)
, (12)
we can introduce their good and bad components as follows
ψ+ = 〈λψ〉 , ψ¯+ = [ψ¯λ¯] , ψ− = 〈µψ〉 , ψ¯− = [ψ¯µ¯] . (13)
Identical relations hold for χ upon the obvious replacement ψ → χ. Here we introduced the
bra and ket notations for undotted and dotted SL(2) indices, |λ〉 = λα, 〈λ| = λα and |λ¯] = λα˙,
[λ¯| = λ¯α˙ that allow us to uniformly contract undotted indices from upper-left to lower-right and
dotted ones from lower-left to upper right, i.e., 〈λψ〉 = λαψα and [µ¯ψ¯] = µ¯α˙ψ¯α˙.
In a similar fashion, the gluon field strength can be decomposed as
Fµνσ
µ
αα˙σ
ν
ββ˙
= 2εα˙β˙fαβ − 2εαβ f¯α˙β˙ , (14)
in terms of its chiral fαβ =
i
4
σµναβFµν and anti-chiral f¯α˙β˙ =
i
4
σ¯µνα˙β˙Fµν components with the
help of the self-dual σµν =
i
2
[σµσ¯ν − σ¯ν σ¯µ] and anti-self-dual tensors σ¯µν = i2 [σ¯µσν − σ¯νσµ]. The
plus and minus fields are found by projections
f++ = −〈λ|f |λ〉 , f+− = −〈λ|f |µ〉 , f¯++ = −[λ¯|f¯ |λ¯] , f¯+− = −[λ¯|f¯ |µ¯] , (15)
etc.
Finally, as any four-vector, the covariant derivatives are decomposed in twistor components
as follows
D++ = 〈λ|D|λ¯] , D+− = 〈λ|D|µ¯] , D−− = 〈µ|D|µ¯] . (16)
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2.3 Bridging light-cone and twistor projections
The notations introduced in this and preceding sections allow us to establish a dictionary between
the light-cone and twistor components. They are summarized by the following set of relations:
ψ+ =
4
√
2
4
(1 + γ5)γ
−γ+Ψ , ψ− =
4
√
2
4
(1 + γ5)γ
+γ−Ψ , (17)
χ+ =
4
√
2
4
Ψ¯(1 + γ5)γ
+γ− , χ− = −
4
√
2
4
Ψ¯(1 + γ5)γ
−γ+ , (18)
for fermions, where γ5 = diag(1,−1), and
f++ =
√
2F+⊥ , fa+− = −
1
2
√
2
(
(∂+A−)a + (D¯⊥A⊥)
a − (D⊥A¯⊥)a − gfabcA¯b⊥Ac⊥
)
, (19)
for gluons and, finally, covariant derivatives,
D−+ = D¯+− = 2D¯⊥ , D+− = D¯−+ = 2D⊥ , (20)
D++ = D¯++ = 2D
+ , D−− = D¯−− = 2D
− . (21)
Making use if these conversion formulas, we can adopt the basis introduce in Ref. [14], on the one
hand, and use the momentum-space technique of Ref. [8] that makes the calculation more concise
while using conventional four-component notations for Lorentz vectors and Dirac matrices.
2.4 SL(2) invariance and basis primary fields
Though massless QCD is not a conformal theory at quantum mechanical level since it induces
a scale due to dimensional transmutation, the classical Lagrangian of the theory does enjoy
SO(4, 2) invariance. The one-loop evolution equations that we are set to analyze in this work
inherit the latter since the symmetry breaking graphs do not make their appearance till two-
loop order. Since the light-cone operators (1) involve fields localized on a light ray, the full
conformal algebra reduces to its collinear conformal SL(2) subalgebra that acts only on the minus
projections z−k ≡ zk of the Minkowski space-time coordinates zµk . The differential representation
of generators acting on the space spanned by the composite operators (1) reads
S+ =
N∑
n=1
(z2n∂zn + 2jnzn) , S
− = −
N∑
n=1
∂zn , S
0 =
N∑
n=1
(zn∂zn + jn) . (22)
The irreducible representations are characterized by the value of the conformal spin jn = (dn +
sn)/2 determined by the canonical dimension dn and light-cone spin sn of the constituent fields
Xn. These generators commute with the generator of helicity introduced in Eq. (8) as well as
twist E =
∑N
n=1(dn − sn)/2, see, e.g., [15, 16].
The field projections introduced in the previous section transform covariantly under SL(2)
transformations and can be organized into “multiplets” of the same twist. Namely, the good Φ+
and bad Φ− chiral fields
Φ+ = {ψ+, χ+, f++} , Φ− = {ψ−, χ−, f+−} , (23)
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as well as their conjugate anti-chiral analogues Φ¯± = Φ∗±, possess twist E = 1 and E = 2,
respectively.
Since covariant derivatives D++, D±∓ and D−− carry twist zero, one and two, respectively,
they can be used to generate additional high-twist “single-particle” fields by acting on Φ±. Ob-
viously, we can ignore D++ since they just induce an infinitesimal shift along the light cone. The
D−− derivatives acting on Φ+ will produce a twist-three constituent, which when accompanied
by another good field component, will form a twist-four operator. However, this operator can be
safely dropped from the basis thanks to QCD equations of motion. Next, the transverse deriva-
tives D±∓ can act either on good or bad fields. However, we can consider only their action on
the former since we can always move derivatives from bad to good fields in a twist-four operator
of the type Φ+D±∓Φ−. Moreover, since it is desirable to deal with conformal primary fields
as individual building blocks, as they obey simple SL(2) transformations (22) and thus yield
evolution equations with manifest conformal symmetry, one can reduce in half, as advocated in
Ref. [14], the basis of good fields with transverse covariant derivatives acting on them. This is
achieved by eliminating the ones with non-covariant transformation properties. The net result is
that one introduces instead conformal primaries D−−Φ+ which can be safely neglected as alluded
to above. This procedure allows us to trades D−+Φ+ posing bad SL(2) transformation properties
in favor of the primary D+−Φ+. Finally, two transverse derivatives acting on Φ+ can be again
be reduced to the irrelevant primary D−−Φ+. This concludes the recapitulation of the reasoning
behind the choice of the twist-one X+ and twist-two X− primaries
X+ = {Φ+, Φ¯+} , X− = {Φ−, Φ¯−, D+−Φ+, D−+Φ¯+} , (24)
which build up the operator basis at twist four. The latter is thus spanned by quasipartonic and
nonquasipartonic operators (that read schematically)
O4 = X+X+X+X+ , O3 = X−X+X+ , (25)
respectively.
3 Evolution equations
The twist-four light-ray operators (25) mix under renormalization. Their mixing matrix admits
perturbative expansion in strong coupling αs = g
2/(4pi). The goal of our analysis is to calculate
the leading term of the series, namely,
d
d lnµ
(
O3
O4
)
= −αs
2pi
(
H(3→3) H(3→4)
0 H(4→4)
)(
O3
O4
)
+O(α2s) . (26)
Notice that the mixing matrix takes a triangular form (to all orders in coupling) since the
quasipartonic operators form an autonomous set under renormalization group evolution. Here
the transition kernels are some integral operators that shift fields on the light-cone towards each
other. Their form is highly contained by conformal symmetry and was the subject of recent
analysis [12]. The distinguished feature of nonquasipartonic operators is that they can change
the number of fields upon evolution. Thus, while H(N→N) for N = 3, 4 is merely given by the
sum of pairwise transition kernels,
H
(N→N) =
∑
j<k
H
(2→2)
jk (27)
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the kernel H(3→4) involves both two-to-two and two-to-three transitions
H
(3→4) =
∑
j<k
(
H
(2→2)
jk +H
(2→3)
jk
)
, (28)
the latter exists whenever there is a bad field involved in a two-particle block, i.e., either j or k
label belongs to a bad field.
Extracting the color structures from these transitions
H
(2→2)
12 [X
I1
1 (z1)X
I2
2 (z2)] =
∑
c
∑
J1J2
[Cc]
J1J2
I1I2
Hc[X
J1
1 X
J2
2 ](z1, z2) , (29)
H
(2→3)
12 [X
I1
1 (z1)X
I2
2 (z2)] =
∑
c
∑
J1J2J3
[Cc]
J1J2J3
I1I2
Hc[X
J1
1 X
J2
2 X
J3
3 ](z1, z2) , (30)
the reduced integral operators Hc for two- and three-particle transitions are defined by their
H-kernels are given by
[HcO](z1, z2) = z
σ
12
∫ 1
0
dα1dα2Hc(α1, α2)O(α¯1z1 + α1z2, α¯2z2 + α2z1) , (31)
[HcO](z1, z2) = z
σ
12
∫ 1
0
dα1dα2dα3Hc(α1, α2, α3)O(α¯1z1 + α1z2, α¯2z2 + α2z1, α¯3z2 + α3z1) , (32)
where σ is a positive/negative integer reflecting the mismatch in the field dimension in a given
operator transition. The manifest SL(2) covariance on conformal primaries building up the
composite operators and the fact that one loop transitions do not receive contributions from
counter terms that break conformal invariance implies the commutativity of the kernels with the
generators of the algebra
[S±,0,H] = 0 , (33)
and thus impose sever constraints on the form of the kernels.
3.1 Renormalization in momentum space
Though the conformal symmetry is more explicit in the coordinate space, the acutual calculations
of one-loop graphs determining the mixing matrix are far more straightforward and elementary in
the reciprocal momentum space. As we pointed out in the introduction, a technique to perform
this analysis is available for quasipartonic operators from Ref. [5]. Presently we will get it
generalized to nonquasipartnic operators as well. The formalism relies heavily on the light-cone
gauge, where the gluon propagator takes the form
Gabµν(k) =
(−i)dµν(k)
k2 + i0
, dµν(k) = gµν − k
µnν + kνnµ
k+
. (34)
As we can see, the integration over the loop momentum k decomposed in Sudakov variables
kµ = k+n¯µ + k−nµ + kµ⊥, ∫
d4k
(2pi)4
=
∫ ∞
−∞
dk+
2pi
∫ ∞
−∞
dk−
2pi
∫ µ
−µ
d2k⊥
(2pi)2
, (35)
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will potentially produce divergences in the longitudinal variable k+ due to an extra pole in the
propagator, in addition to the conventional ultraviolet singularities regularized by a cut-off µ in
the transverse momentum. The former arise due to incomplete gauge fixing by the condition
(4) that allows one for light-cone time-independent residual transformations. To complete gauge
fixing, one has to impose a condition on how to go around the 1/k+ singularity. This will not
be a pressing issue for the current work since we will focus on kinematics away from the phase
space boundaries where these have to be treated properly. Let us point out however, that the
advanced/retarded and symmetric boundary conditions on the gauge potential on the light-cone
infinity impose ±i0 and principal value prescription [17]. While the condition consistent with
the equal-time quantization yields the Mandelstam-Leibbrandt prescription [18].
Thus, we convert the light-ray operators to the momentum fraction space
O(x1, . . . , xN ) =
∫ N∏
n=1
d4kn
(2pi)4
δ(k+n − xn)O(k1, . . . , kN) . (36)
by means of the Fourier transform
O(k1, . . . , kN) =
∫ N∏
n=1
d4zne
ikn·zn O(z1, . . . , zN) . (37)
Then, the evolution kernels arise from the N to M-particle transition amplitude,
O(x1, . . . , xN) =
∫ M∏
m=1
dym
∫ M∏
m=1
d4pm
(2pi)4
δ(p+m − ym)O(p1, . . . , pM)
×
∫ N∏
n=1
d4kn
(2pi)4
δ(k+n − xn)G(k1, . . . , kn|p1, . . . , pM) , (38)
where G(k1, . . . , kn|p1, . . . , pM) is a sum of corresponding Feynman graphs. Extraction of the
leading logarithmic divergence from the momentum integrals results in the sought momentum-
space evolution equation
O(x1, . . . , xN) = −αs
2pi
lnµ [K(N→M)O](x1, . . . , xN ) (39)
where integral kernel in the momentum representation is
[K(N→M)O](x1, . . . , xN ) =
∫
[DMy]NK(x1, . . . , xN |y1, . . . , yM)O(y1, . . . , yM) , (40)
with a notation introduced for the measure
[DMy]N ≡
M∏
m=1
dymδ
(
M∑
m=1
ym −
N∑
n=1
yn
)
. (41)
The N − 1 momentum integrals in (38) are eliminated by means of four-momentum conserving
delta functions stemming from Feynman rules leaving us with a single four-dimensional loop-
momentum integration measure (35). The extraction of 1/k2⊥ contribution in the integrand can
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be easily achieved by rescaling the k− component of the loop momentum by introducing a new
variable
β = 2k−/k2⊥ , (42)
where k⊥ is the transverse loop momentum. We remove the k+ integral making use of the
momentum fraction delta functions in Eq. (38), while the rescaled k−-integrals are evaluated in
terms of the generalized step-functions [5, 20]
ϑkα1,...,αn(x1, . . . , xn) =
∫ ∞
−∞
dβ
2pii
βk
n∏
ℓ=1
(xℓβ − 1 + i0)−αℓ . (43)
These can be reduced to the simplest one ϑ011(x1, x2) = [θ(x1) − θ(x2)]/(x1 − x2) making use
of a set of known relations [5, 20]. So the advantage of this formalism is that there are no
actual integrals to perform and the procedure of computing the evolution kernels is reduced to
straightforwards but tedious algebraic manipulations with Dirac and Lorentz structures.
So all we need for the calculation is Fourier transforms of the conformal primary fields defining
composite operators. When cast in four-dimensional light-cone notations, they read
Φ+
FT→ Φ+ =
{
1
4
(1 + γ5)γ
−γ+Ψ, 1
4
(1− γ5)γ−γ+Ψ,− i2k+A⊥
}
, (44)
D¯−+Φ+
FT→ −i
√
2 (k⊥ + gA⊥) Φ+ , (45)
Φ−
FT→ Φ− =
{
1
4
(1 + γ5)γ
+γ−Ψ, 1
4
(1− γ5)γ+γ−Ψ,− i2k+A− + i2(k⊥A¯⊥ − k¯⊥A⊥)− i4g[A¯⊥, A⊥]
}
.
(46)
The results for the antichiral fields Φ¯ are obtained from above by complex conjugation.
3.2 From coordinate to momentum space
It is straightforward to relate evolution kernels in the coordinate and momentum space by a
Fourier transformation. For two-to-two transitions, we immediately find
K(x1, x2|y1, y2) = (−i∂x1)σ
∫ 1
0
dα1dα2H(α1, α2)δ(x1 − α¯1y1 − α2y2) , (47)
which are subject to the momentum-fraction conservation condition x1 + x2 = y1 + y2. Analo-
gously, for two-to-three transitions, we find
K(x1, x2|y1, y2, y3) = (−i∂x1)σ
∫ 1
0
dα1dα2dα3H(α1, α2, α3)δ(x1 − α¯1y1 − α2y2 − α3y3) , (48)
where we assume that x1+x2 = y1+y2+y3. Having results in one representation, one can easily
obtain the other making use of the following two elementary operations∫ 1
0
dαf(α)δ(x− αy) = f
(
x
y
)
ϑ011(x, x− y) , (49)∫ 1
0
dα α¯nϑ011(x1 − y1α¯, x1 − ηα¯) =
1
n
{[
1−
(
x1
η
)n]
ϑ011(x1 − y1,−x2)
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− y1
y2
[(
x1
η
)n
−
(
x1
y1
)n]
ϑ011(x1 − y1, x1)
}
, (50)
where η = x1 + x2 = y1 + y2 implies momentum conservation. Finally, the coordinate kernels
possess integrable end-point singularties, that have to be regularized in the course of the Fourier
transform. We found the cut-off regularization to be the simplest one to handle the emerging
divergencies ∫ 1
ε
dα
α
θ(x− yα) =
[
ln
(
x
y
)
− ln ε
]
θ(x)− ln
(
x
y
)
θ(x− y) , (51)∫ 1
ε
dα
α2
θ(x− yα) =
(
1
ε
− y
x
)
θ(x) +
(
y
x
− 1
)
θ(x− y) . (52)
At the end of the calculation, all singular terms cancel in the limit ε → 0 rendering the total
result regular. We provide an example of explicit transformation in Appendix C.
3.3 Conformal symmetry in momentum space
Since conformal invariance played a crucial role for the coordinate-space calculations [12], let
us analyze its consequences in the momentum space. To this end, following the same reasoning
leading to the expression of Eqs 48 and taking care of the ordering of z and ∂z, one observes the
following identifications between the light-ray coordinates and the momentum fractions,
zn
FT−−→ −i∂xn , ∂zn FT−−→ ixn, . (53)
where xn is the reciprocal momentum to the coordinate zn. Thus the conformal generators shown
in Eq. (22) can be rewritten in the momentum space as
S˜+O(x1, . . . , xN) = i
N∑
n=1
(
∂2xnxn − 2jn∂xi
)O(x1, . . . , xN) , (54)
S˜0O(x1, . . . , xN) = −
n∑
i=1
(∂xnxn − jn)O(x1, . . . , xN ) , (55)
S˜−O(x1, . . . , xN) = −i
n∑
n=1
xnO(x1, . . . , xN) . (56)
Imposing the condition of commutativity
[K, S˜±,0]O(x1, . . . xN ) = 0 , (57)
we find that the evolution kernels obey the following differential equations (away from kinematical
boundaries)(
M∑
m=1
(
ym∂
2
ym
+ 2jm∂ym
)− N−1∑
n=1
(
∂2xnxn − 2jn∂xn
))
K(x1, . . . ,
( M∑
m=1
ym −
N−1∑
n=1
xn
)
|y1, . . . , yM) = 0 ,
(58)
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(
M∑
m=1
(ym∂ym + jm) +
N−1∑
n=1
(∂xnxn − jn)− jN
)
K(x1, . . . ,
( M∑
m=1
ym −
N−1∑
n=1
xn
)
|y1, . . . , yM) = 0 ,
(59)
for S+ and S0, respectively. In arriving at the expressions of Eqs. (58) and (59), we have made use
of the momentum-conserving Dirac delta function factorized from (40). Since essentially there
are only M + N − 1 independent variables in the game, we are required to rewrite one of the
variables as a linear combination of the rest before differentiation. Above we chose to eliminate
xN . Finally, the S
− simply yields the momentum fraction conservation condition which is trivially
obeyed due to an overall delta function (41) that accompanies the transition kernel,
M∑
m=1
ym −
N∑
n=1
xn = 0 , (60)
Since we are interested in two-to-two and two-to-three transitions in this work, the expressions
in Eqs. 58 and 59 simplify to[
y1∂y1 + y2∂y2 + j1′ + j2′ + ∂x1x1 − (j1 + j2)
]
K(x1, y1 + y2 − x1; y1, y2) = 0 (61)[
y1∂
2
y1
+ y2∂
2
y2
+ 2j1′∂y1 + 2j2′∂y2 − ∂2x1x1 + 2j1∂x1
]
K(x1, y1 + y2 − x1; y1, y2) = 0 (62)
where we use jn and jn′ to refer to the conformal spins of the incoming and out going particles,
respectively. Similarly, for three-particle transitions, we get
[ 3∑
i=1
(
yi∂yi + ji′
)
+ ∂x1x1 − (j1 + j2)
]
K(x1,
3∑
i=1
yi − x1; y1, y2, y3) = 0 , (63)
[ 3∑
i=1
(
yi∂
2
yi
+ 2ji′∂yi
)
− ∂2x1x1 + 2j1∂x1
]
K(x1,
3∑
i=1
yi − x1; y1, y2, y3) = 0 . (64)
4 One-loop kernels
In this section we will report on our findings of all nonsinglet transition kernels. The latter
will be quoted away from kinematical boundaries, i.e., when some of the momentum fractions
(or their sums) could coincide. This will be sufficient to compare our results with the Fourier
transform of the light-ray evolution kernel derived in Ref. [12] by dropping all contact, i.e., delta-
function, terms emerging from the latter. Of course, we can keep track of the latter as well and
reproduce them from the momentum-fraction formalism by properly incorporating QCD field
renormalization (as well as certain contact terms stemming from vertex graphs) into the game.
Since the light-cone gauge explicitly breaks Lorentz symmetry, the good and bad components
receive different renormalization constants as can be immediately seen from the quark and gluon
propagators [8, 19]
P(k) = Z(q)1 (k)
/k
k2 + i0
Z
(q)
2 (k) , Gµν(k) = Z
(g)
µρ (k)
dρσ(k)
k2 + i0
Z(g)σν (k) , (65)
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Figure 1: Feynman diagram determining the two-to-two transition of quark fields studied in Sect.
4.1.1 and Sect. 4.1.2.
computed to one-loop accuracy. Here the Z-factors become momentum-fraction dependent (con-
trary to covariant gauges) due to assumed principal value prescription for the 1/k+-pole in the
gluon density matrix,
Z
(q)
1 (k) =
√
1− Σ1
(
1− (Σ2(k)− Σ1)
/kγ+
k+
)
, (66)
Z
(q)
2 (k) =
√
1− Σ1
(
1− (Σ2(k)− Σ1)γ
+/k
k+
)
, (67)
Z(g)µρ (k) =
√
1 + Π1(k)
(
gµρ − 1
2
Π2(k)
kµnρ + kρnµ
k+
)
. (68)
where
Σ1 =
αsCF
2pi
lnµ , Σ2(k) =
αsCF
2pi
lnµ
∫
dq+
k+
k+ − q+ϑ
0
11(q
+, q+ − k+) , (69)
and
Π1(k) =
αs
pi
lnµ
[
CA
∫
dq+
[(q+)2 − q+k+ + (k+)2]2
q+(q+ − k+)(k+)2 ϑ
0
11(q
+, q+ − k+)− nf
3
]
, (70)
Π2(k) =
αs
2pi
CA lnµ
∫
dq+
5q+(q+ − k+)(k+)2 + 6(q+)2(q+ − k+)2 + 2(k+)4
q+(q+ − k+)(k+)2 ϑ
0
11(q
+, q+ − k+) ,
(71)
for quark and gluon, respectively. Their contribution to the renormalization of the operator
blocks reads
Γµ1...µn → Z(q)2 Γµ1...µnZ(q)1 Z(g)µ1ν1 . . . Z(g)µnνn , (72)
where Γµ1...µn is the Dirac-Lorentz tensor defining the composite operator in question. The
collinearly divergent integrals entering Σ’s and Π’s regulate the end-point singularities in the
momentum-fraction kernels promoting them to conventional plus-distributions that become in-
tegrable over the entire range of momentum fractions [21].
4.1 Two-to-two transitions: quasipartonic operators
To make our expressions more compact, we introduce a set color structures with open indices
that show up in our expressions
[C1]
i1i2
i′1i
′
2
= (ta)i1i′1(t
a)i2i′2 , [C2]
ai
a′i′ = f
aa′c(tc)ii′ , [C3]
ai
a′i′ = (t
a′ta)ii′
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[C4]
i1i2
i′1i
′
2
= (ta)i1i2(t
a)i′1i′2 , [C˜4]
i1i2
i′1i
′
2
= (ta)i1i2(t¯
a)i′1i′2 , [C5]
i1i2
ab = (t
atb)i1i2,
[C6]
i1i2
ab = (t
bta)i1i2 , [C7]
ab
a′b′ = f
aa′cf bb
′c, [C8]
ab
a′b′ = f
a′bcfab
′c. (73)
where fabc is the SU(N) structure constants while ta and t¯a are the SU(N) and SU(N¯) generators
in the fundamental representation and its conjugate, respectively.
4.1.1 Oi1i2(x1, x2) = {ψi1+ψi2+ , ψi1+χi2+ , ψ¯i1+ ψ¯i2+ , ψ¯i1+ χ¯i2+ , χi1+χi2+ , χ¯i1+χ¯i2+}(x1, x2)
In this quark-quark sector the fields have open fundamental color indices i1 and i2. The operator
renormalization kernel acts on them as follows
[KO]i1i2(x1, x2) = [C1]i1i2i′1i′2
∫
[D2y]2K(x1, x2|y1, y2)Oi′1i′2(y1, y2), (74)
and its explicit expression arises from the graph shown in Fig. 1. It is given by
K(x1, x2|y1, y2) = −2x1 + x2
x1 − y1ϑ
0
111(x1, x1 − y1,−x2)−
4x2
x1 − y1ϑ
0
11(x1 − y1,−x2). (75)
4.1.2 Oi1i2(x1, x2) = {ψi1+ χ¯i2+ , ψ¯i1+χi2+ , ψi1+ ψ¯i2+ , χ¯i1+χi2+}(x1, x2)
For the nonsinglet sector, the Feynman diagram responsible for the evolution is determined by
the very same one-gluon exchange in Fig. 1 so that
[KO]i1i2(x1, x2) = [C1]i1i2i′1i′2
∫
[D2y]2K(x1, x2|y1, y2)Oi′1i′2(y1, y2) , (76)
where
K(x1, x2|y1, y2) = − 4x2
x1 − y1ϑ
0
11(x1 − y1,−x2)−
x2 + y1
x1 − y1ϑ
0
111(x1, x1 − y1,−x2) . (77)
For the quark-antiquark operators of the same flavor Φi1(x1)Φ
i2(x2) = {ψi1+ (x1)ψ¯i2+(x2), χ¯i1+(x1)χi2+(x2)},
there are two extra transitions corresponding to annihilation channels. Although we do not focus
on the flavor singlet quark operators and the operators built up solely by gluon fields, we do
provide corresponding results for the 2→ 2 evolution kernels in Appendix B.
4.1.3 Oai(x1, x2) = {fa++ψi+, fa++χi+, f¯a++ψ¯i+, f¯a++χ¯i+}(x1, x2)
For the quark-gluon operator blocks, the renormalization opens up more than one color channel,
[KO]ai(x1, x2) = −
∫
[D2y]2
{
[C2]
ai
a′i′K1 + [C3]
ai
a′i′K2
}
(x1, x2|y1, y2)Oa′i′(y1, y2) , (78)
with corresponding transition kernels calculated from the graphs shown in Fig. 2 being
K1(x1, x2; y1, y2) =
x1
y1
2x1
x1 − y1ϑ
0
11(x1, x1 − y1)−
2x2
x1 − y1ϑ
0
11(x1 − y1,−x2) , (79)
K2(x1, y1; y1, y2) =
2x2
y1
ϑ011(x1 − y2,−x2) . (80)
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Figure 2: Feynman diagrams of two-to-two transition of quasipartonic gluon-quark fields in Sect.
(4.1.3) and Sect. (4.1.4).
4.1.4 Oai(x1, x2) = {fa++ψ¯i+, fa++χ¯i+, f¯a++ψi+, f¯a++χi+}(x1, x2)
Similar results are obtained by replacing the quark and an antiquark field,
[KO]ai(x1, x2) = −
∫
[D2y]2
{
[C2]
ai
a′i′K1 + [C3]
ai
a′i′K2
}
(x1, x2|y1, y2)Oa′i′(y1, y2) , (81)
with
K1(x1, x2|y1, y2) = 2x1x2ϑ
0
11(x1,−x2)
y1(x1 + x2)
− 2(x1x2 + y
2
1)ϑ
0
111(x1, x1 − y1,−x2)
(x1 − y1)y1
− 2x2(x1 + y1)ϑ
0
11(x1 − y1,−x2)
(x1 − y1)y1 , (82)
K2(x1, x2|y1, y2) = −2x1 − y2
y1
ϑ0111(x1, x1 − y2,−x2) +
2x1x2
y1(x1 + x2)
ϑ011(x1,−x2) . (83)
The Feynman graphs involved in the analysis differ from Fig. 2 only by the orientation of one of
the quark lines.
All of these expressions agree with well-known particle transitions for quasipartonic operators
[5, 8, 6, 10, 12].
4.2 Two-to-two transitions: non-quasipartonic operators
Now, we turn to the analysis of non-quasipartonic operators. According to the adopted basis (25),
the new two-particle blocks that we have to address contain a bad field component accompanied
by a good one, namely
Φ+(z1)⊗ Φ−(z2) , Φ−(z1)⊗ Φ+(z2)
Φ+(z1)⊗D−+Φ+(z2) , D−+Φ+(z1)⊗ Φ+(z2) . (84)
4.2.1 Quark-quark transitions
To start with, we consider the quark-quark transitions first. To this end we introduce non-
quasipartonic two-particle operator built up from primary fields and arranged as doublets since
they mix under renormalization group evolution,
O
ij
+ =
{ (
ψi−ψ
j
+
ψi+ψ
j
−
)
,
(
ψi−χ
j
+
ψi+χ
j
−
)
,
(
χi−ψ
j
+
χi+ψ
j
−
)
,
(
χi−χ
j
+
χi+χ
j
−
)}
, (85)
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O
ij
− =
{(
ψi+D¯−+ψ
j
+
D¯−+ψi+ψ
j
+
)
,
(
ψi+D¯−+χ
j
+
D¯−+ψi+χ
j
+
)
,
(
χi+D¯−+ψ
j
+
D¯−+χi+ψ
j
+
)
,
(
χi+D¯−+χ
j
+
D¯−+χi+χ
j
+
)}
. (86)
The Feynman diagram responsible for the mixing addressed in this section is the same one as
in Fig. 1. We elaborate on an example of a specific transition in great detail in Appendix A to
demonstrate the inner workings of the formalism. As a result, we find
[KO+]ij(x1, x2) = −[C1]iji′j′
∫
[D2y]2K(x1, x2|y1, y2)Oi′j′+ (y1, y2) , (87)
where the two-by-two mixing matrix
K =
(
K11 K12
K21 K22
)
(88)
possesses the elements
K11(x1, x2; y1, y2) =
2y1
x1 − y1ϑ
0
11(x1, x1 − y1)−
2x2
x1 − y1ϑ
0
11(x1 − y1,−x2) , (89)
K12(x1, x2, y1, y2) = 2ϑ
0
11(x1, x1 − y1) , (90)
K21(x1, x2; y1, y2) = 2ϑ
0
11(x1 − y1,−x2) , (91)
K22(x1, x2; y1, y2) =
2x1
x1 − y1ϑ
0
11(x1, x1 − y1)−
2y2
x1 − y1ϑ
0
11(x1 − y1,−x2) . (92)
For Oij− operator sets, we similarly get
[KO−]ij(x1, x2) = −[C1]i1i2i′1i′2
∫
[D2y]2K(x1, x2|y1, y2)Oi′j′− (y1, y2) , (93)
where
K11(x1, x2; y1, y2) =
4x2ϑ
0
11(x1 − y1,−x2)
x2 − y2 +
2(x1 + x2)ϑ
0
111(x1, x1 − y1,−x2)
x2 − y2
+
4x2ϑ
0
12(x1 − y1,−x2)
x2 − y2 +
2(x1 + x2)ϑ
0
112(x1, x1 − y1,−x2)
x2 − y2 , (94)
K12(x1, x2; y1, y2) = 2
(y1 + y2)(ϑ
0
112(x1, x1 − y1,−x2) + ϑ0121(x1, x1 − y1,−x2))
x2 − y2
+
2(x1 + y1 + y2)ϑ
0
111(x1, x1 − y1,−x2)
x2 − y2 +
4x2ϑ
0
11(x1 − y1,−x2)
x2 − y2
+
4x2(ϑ
0
12(x1 − y1,−x2) + ϑ021(x1 − y1,−x2))
x2 − y2 , (95)
K21(x1, x2; y1, y2) =
2(y1 + y2)ϑ
0
112(x1, x1 − y1,−x2)
x1 − y1 +
2x1ϑ
0
111(x1, x1 − y1,−x2)
x1 − y1
+
4x2ϑ
0
12(x1 − y1,−x2)
x1 − y1 , (96)
K22(x1, x2; y1, y2) =
2(y1 + y2)(ϑ
0
112(x1, x1 − y1,−x2) + ϑ0121(x1, x1 − y1,−x2))
y2 − x2
16
+
2x1ϑ
0
111(x1, x1 − y1,−x2)
y2 − x2 +
4x2(ϑ
0
12(x1 − y1,−x2) + ϑ021(x1 − y1,−x2))
y2 − x2 .
(97)
This concludes our discussion on non-singlet operators. In Appendix B.2.1, we also provide
transitions into gluonic operators involved in this class when it is generalized to the singlet
channel as well.
4.2.2 Quark-antiquark transitions
Next, we introduce doublets of quark-antiquark fields
O
ij =
{ (
ψi−ψ¯
j
+
ψi+
1
2
D−+ψ¯
j
+
)
,
(
ψi−χ¯
j
+
ψi+
1
2
D−+χ¯
j
+
)
,
(
χi−ψ¯
j
+
χi+
1
2
D−+ψ¯
j
+
)
,
(
χi−χ¯
j
+
χi+
1
2
D−+χ¯
j
+
)}
, (98)
where we assume that the two-particle blocks possess different flavor such that they do not
undergo annihilation transitions into gluon fields. Then the evolution equation can be written as
[KO]ij(x1, x2) = −[C1]iji′j′
∫
[D2y]2K(x1, x2|y1, y2)Oi′j′(y1, y2) . (99)
with the elements of the evolution matrix given by
K11 =
2x1y1(y1 + x2)ϑ
0
11(x1, x1 − y1)
(y1 + y2)2(y2 − x2) +
2y2ϑ
0
11(x1,−x2)
x1 − y1
+
2 (y22(y1 + y2) + y1x2(y1 + 2y2) + y2x
2
2)ϑ
0
11(x1 − y1,−x2)
(y1 + y2)2(x2 − y2) , (100)
K12 =
2x1(y1 + x2)ϑ
0
11(x1, x1 − y1)
(y1 + y2)2(x2 − y2) +
2ϑ011(x1,−x2)
x1 − y1
− 2 (y
2
2(y1 + y2) + x
2
2(y1 + 2y2)− y2x2(y1 + 2y2))ϑ011(x1 − y1,−x2)
y2(y1 + y2)2(y2 − x2) , (101)
K21 =
2x21y1(y1 + x2)ϑ
0
11(x1, x1 − y1)
(y1 + y2)2(x2 − y2) −
2x1(x1 − 2y1)ϑ011(x1,−x2)
x1 − y1
+
2y2 (x
3
1 − x21(2y1 + y2) + x1(y1 + y2)2 − y1(y1 + y2)2)ϑ011(x1 − y1,−x2)
(y1 + y2)2(y2 − x2) , (102)
K22 =
2x21(y1 + x2)ϑ
0
11(x1, x1 − y1)
(y1 + y2)2(x2 − y2) −
2x1(2y1 + x2)ϑ
0
11(x1,−x2)
y1(x2 − y2)
+
2
y1y2(y1 + y2)2(y2 − x2)
{
x21
(
2y31 + 6y
2
1y2 + 4y1y
2
2 + y
3
2
)− x31y1(y1 + 2y2)
− x1(y1 + y2)4 − y1y22(y1 + y2)2
}
ϑ011(x1 − y1,−x2) . (103)
4.2.3 Quark-gluon transitions
For the operators involving one quark and one gluon field, we introduce the following two-vectors
O
ia
+ =
{(
ψi−f
a
++
ψi+f
a
+−
)
,
(
χi−f
a
++
χi+f
a
+−
)}
, (104)
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Figure 3: Feynman diagrams corresponding to two-to-two transition of non-quasipartonic quark-
gluon blocks in Sect. (4.2.3).
O
ia
− =
{(
ψi+
[
D¯−+f++
]a[
D−+ψ+
]i
fa++
)
,
(
χi+
[
D¯−+f++
]a[
D−+χ+
]i
fa++
)}
. (105)
Then, calculating Feynman diagrams responsible for their one-loop renormalization demonstrated
in Fig. 3, we deduce that as in the quasipartonic case, there are two color-flow channels that
induce the transitions
[KO+]ia(x1, x2) = −
∫
[D2y]2
{
[C2]
ai
a′i′K(x1, x2|y1, y2)− [C3]aia′i′K˜(x1, x2|y1, y2)
}
O
i′a′
+ (y1, y2) ,
(106)
where the elements of the kernels K ij and K˜ij admit the form
K11 =
y1(2y
2
2(y1 + y2)
2 − y2(y1 + y2)(3y1 + 2y2)x2 + y1(2y1 + 3y2)x22)ϑ011(x1, x1 − y1)
y22(y1 + y2)
2(y2 − x2)
+
x2((y1 + y2)(3y1 + 2y2) + (y1 + 2y2)x2)ϑ
0
11(x1 − y1,−x2)
(y1 + y2)2(x2 − y2)
+
x2((2y
2
1 + y1y2 − 2y22)x2 − 3y1y2(y1 + y2))ϑ011(x1,−x2)
y22(y1 + y2)(x2 − y2)
+
2x2ϑ
0
11(x1,−x2)
y2
, (107)
K12 =
2x1(y2(y1 + y2) + y1x2)ϑ
0
11(x1, x1 − y1)
(y1 + y2)2(y2 − x2) +
2x2(x2 − 2(y1 + y2))ϑ011(x1,−x2)
(y1 + y2)(y2 − x2)
+
2y2x2(x2 − 2(y1 + y2))ϑ011(x1 − y1,−x2)
(y1 + y2)2(x2 − y2) , (108)
K21 = −x
2
1y1ϑ
0
11(x1, x1 − y1)
y2(x1 − y1)(y1 + y2) +
x21ϑ
0
11(x1,−x2)
y2(x1 − y1)
− (x
2
2(2y1 + 3y2)− 4y2x2(y1 + y2) + y2(y1 + y2)2)ϑ011(x1 − y1,−x2)
y2(y1 + y2)(y2 − x2) , (109)
K22 = −(x
2
1y2 + 2x1 (y
2
2 − y21) + 2y1(y1 + y2)2)ϑ011(x1 − y1,−x2)
y1(x1 − y1)(y1 + y2) −
x21ϑ
0
11(x1, x1 − y1)
(x1 − y1)(y1 + y2)
+
x1(x1 + 2(y1 + y2))ϑ(x1,−x2)
y1(x1 − y1) , (110)
K˜11 =
2x2ϑ
0
11(x1,−x2)
y2
+
2y1ϑ
0
111(x1, x1 − y2,−x2)
y2
, (111)
K˜12 = 2ϑ
0
12(x1, x1 − y2)−
2y1ϑ
0
111(x1, x1 − y2,−x2)
y2
− 2x2ϑ
0
11(x1,−x2)
y2
, (112)
18
K˜21 =
2x1(y1ϑ
1
111(x1, x1 − y2,−x2)− ϑ011(x1,−x2)
y2
, (113)
K˜22 = 0 . (114)
Similarly for the operators in the O− group, we get
[KO−]ia(x1, x2) = −
∫
[D2y]2
{
[C2]
ai
a′i′K(x1, x2|y1, y2) + [C3]aia′i′K˜(x1, x2|y1, y2)
}
O
i′a′
− (y1, y2) ,
(115)
with
K11 = −2x
2
1ϑ
0
11(x1, x1 − y1)
(x1 − y1)(y1 + y2) + 2
x1(x1 + y1 + y2)ϑ
0
11(x1,−x2)
y1(x1 − y1)
− 2(2y
3
2(y1 + y2)
2 − 3y32x2(y1 + y2) + y1x32(y1 + y2) + y32x22)ϑ011(x1 − y1,−x2)
y1y22(y1 + y2)(y2 − x2)
, (116)
K12 =
2x1(y1(y1 + y2)− x1y2)ϑ011(x1,−x2)
(x1 − y1)y21
− 2x
2
1ϑ
0
11(x1, x1 − y1)
(x1 − y1)(y1 + y2)
+
2x1y2(x1y2 − y1(y1 + y2))ϑ011(x1 − y1,−x2)
(x1 − y1)y21(y1 + y2)
, (117)
K21 =
2x21ϑ
0
11(x1, x1 − y1)
(x1 − y1)(y1 + y2) −
2x21ϑ
0
11(x1,−x2)
y1(x1 − y1)
+
2(x32y1(y1 + y2) + (x
2
1 − x22)y32 − x22y2(y21 + y1y2 − y22))ϑ011(x1 − y1,−x2)
y1y
2
2(y1 + y2)(y2 − x2)
, (118)
K22 =
2x21y2ϑ
0
11(x1,−x2)
y21(x1 − y1)
+
2x21ϑ
0
11(x1, x1 − y1)
(x1 − y1)(y1 + y2)
− 2 (x
2
2 (y
3
1 + y
2
1y2 + y
3
2)− 2y32x2(y1 + y2) + y32(y1 + y2)2)ϑ(x1 − y1,−x2)
y21y2(y1 + y2)(y2 − x2)
, (119)
K˜11 = 2
x1(ϑ
0
11(x1, x1 − y2) + ϑ012(x1, x1 − y2))
y2
, (120)
K˜12 =
2x1ϑ
0
11(x1, x1 − y2)
y2
, (121)
K˜21 = −2x1ϑ
0
12(x1, x1 − y2)
y2
, (122)
K˜22 = 0 . (123)
Having studied the operators generated by primary fields with the same chiralities, we now
turn our attention to the cases where the operators are built up by fields of opposite chiralities,
namely,
O
ia =
{ (
ψi−f¯
a
++
ψi+
1
2
D−+f¯a++
)
,
(
χi−f¯
a
++
χi+
1
2
D−+f¯a++
)}
. (124)
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Their one-loop evolution equation is driven by
[KO]ia(x1, x2) = −
∫
[D2y]2
{
[C2]
ai
a′i′K(x1, x2|y1, y2)− [C3]aia′i′K˜(x1, x2|y1, y2)
}
O
i′a′(y1, y2) ,
(125)
and the transition kernels involved read
K11 =
2 (y1x
3
2 + y2(y1 + y2)
3 − y1x22(y1 + 2y2))ϑ011(x1,−x2)
y2(y1 + y2)2(y2 − x2) +
2x1x
2
2y1ϑ
0
11(x1, x1 − y1)
y2(x1 − y1)(y1 + y2)2
− 2 (y
2
2(y1 + y2)
2 + y1x
2
2(y1 + y2) + y2x
3
2)ϑ
0
11(x1 − y1,−x2)
y2(y1 + y2)2(y2 − x2) , (126)
K12 =
2x22(x1 + y2)ϑ
0
11(x1,−x2)
y2(x1 − y1)(y1 + y2)2 −
2x1x
2
2ϑ
0
11(x1, x1 − y1)
y2(x1 − y1)(y1 + y2)2
+
2x22(x1(y1 + 2y2)− (y1 + y2)2)ϑ011(x1 − y1,−x2)
y22(x1 − y1)(y1 + y2)2
, (127)
K21 =
2x21y1 (y1y2 + x
2
2)ϑ
0
11(x1, x1 − y1)
y2(y1 + y2)2(y2 − x2)
− 2x1 (x
2
2 (y
2
1 + 3y1y2 + y
2
2) + y2(y1 − y2)(y1 + y2)2 − y1x32)ϑ011(x1,−x2)
y2(y1 + y2)2(y2 − x2)
+
2 (x41 − 2x31(y1 + y2) + x21 (y21 + 3y1y2 + y22) + (y1 − x1)y2(y1 + y2)2)ϑ011(x1 − y1,−x2)
(y1 + y2)2(y2 − x2) ,
(128)
K22 =
2x1 (x
2
2 (y
2
1 + 3y1y2 + y
2
2) + 2y1y2(y1 + y2)
2 − y1x32)ϑ011(x1,−x2)
y1y2(y1 + y2)2(y2 − x2)
+
2x21 (y1y2 + x
2
2)ϑ
0
11(x1, x1 − y1)
y2(y1 + y2)2(x2 − y2) −
2
y1y22(y1 + y2)
2(y2 − x2)
{
x32(y1 + y2)
(
y21 + 2y1y2 − y22
)
+ y22x
2
2
(
y21 + 3y1y2 + y
2
2
)− 2y1y32x2(y1 + y2) + 2y1y32(y1 + y2)2
− y1x42(y1 + 2y2)
}
ϑ011(x1 − y1,−x2) , (129)
K˜11 =
2x21y
2
1ϑ
0
11(x1 − y2,−x2)
y22(y1 + y2)
2
− 2 (x
2
1y1(y1 + y2) + y
2
2x
2
2)ϑ
0
11(x1,−x2)
y22(y1 + y2)
2
+
2x21y1ϑ
0
11(x1, x1 − y2)
y2(y1 + y2)2
,
(130)
K˜12 = −2x
2
1ϑ
0
11(x1, x1 − y2)
y2(y1 + y2)2
+
2 (x22 (y
2
1 + y1y2 + y
2
2)− 2y21x2(y1 + y2) + y1(y1 − y2)(y1 + y2)2)ϑ011(x1 − y2,−x2)
y32(y1 + y2)
2
+
2 (2y1x2(y1 + y2)
2 − x22 (y21 + 2y1y2 + 2y22)− (y1 − y2)(y1 + y2)3)ϑ011(x1,−x2)
y32(y1 + y2)
2
, (131)
K˜21 =
2(x1 − y2)
(
(2y1 − x2)ϑ0111(x1, x1 − y2,−x2) + y1ϑ0112(x1, x1 − y2,−x2)
)
y2
+
2x1y1x
2
2ϑ
0
11(x1,−x2)
y2(y1 + y2)2
, (132)
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K˜22 =
2(x1 − y2) (x21 (y21 + y1y2 + y22)− y2(y1 + y2)2(2y1 + y2 − 2x2))ϑ011(x1 − y2,−x2)
y32(y1 + y2)
2
− 2x1 (x
2
1 (y
2
1 + 2y1y2 + 2y
2
2)− x1y2(y1 + y2)(3y1 + 5y2) + 3y22(y1 + y2)2)ϑ011(x1,−x2)
y32(y1 + y2)
2
+
2x21(y2 − x1)ϑ011(x1, x1 − y2)
y2(y1 + y2)2
. (133)
4.2.4 Antiquark-gluon transitions
For antiquark-gluon blocks, we introduce the doublets
O
ai =
{ (
fa+−ψ¯
i
+
fa++
1
2
D−+ψ¯i+
)
,
(
fa+−χ¯
i
+
fa++
1
2
D−+χ¯i+
)}
, (134)
whose transitions
[KO]ai(x1, x2) = −
∫
[D2y]2
{
[C2]
ai
a′i′K(x1, x2|y1, y2) + [C3]aia′i′K˜(x1, x2|y1, y2)
}
O
a′i′(y1, y2) ,
(135)
are determined by computing Feynman diagrams in Fig. 4 and yield
K11 =
2x1 (x1(y1 + y2)
2 − x21y1 + y1 (y21 + y1y2 + y22))ϑ011(x1, x1 − y1)
y1(y1 + y2)2(y2 − x2)
+
2x1 (x
2
1y1(y1 − y2) + x1 (3y21y2 − 2y31 + 4y1y22 + y32) + y21(y1 − 2y2)(y1 + y2))ϑ011(x1,−x2)
y21(y1 + y2)
2(x2 − y2)
+
2 (x21(y1 + y2)
3 − x31y1y2 − x1y21 (y21 + 2y1y2 + 2y22)− y21y2(y1 + y2)2)ϑ011(x1 − y1,−x2)
y21(y1 + y2)
2(y2 − x2) ,
(136)
K12 =
2x1 (x1(2y1 + y2)(3y1 + y2)− 2x21y1 − 3y21(y1 + y2))ϑ011(x1,−x2)
y21(y1 + y2)
2(x2 − y2)
+
2x1 (y
2
2 (y
2
1 + 3y1y2 + y
2
2)− x2 (y32 − y21y2)− y1x22(y1 + 2y2))ϑ011(x1 − y1,−x2)
y21y2(y1 + y2)
2(y2 − x2)
+
2x1 (x
2
1 + y1y2)ϑ
0
11(x1, x1 − y1)
y1(x1 − y1)(y1 + y2)2 , (137)
K21 =
2x21 (x1(y1 + y2)− x21 + y21)ϑ011(x1, x1 − y1)
(y1 + y2)2(y2 − x2)
+
2x21 (y
2
2(x2 − y1) + y2x2(y1 − x2) + y1(y1 + x2)2)ϑ011(x1,−x2)
y1(y1 + y2)2(x2 − y2)
− 2y2 (x
3
1(y1 + y2)− x41 + x21y21 + y1(y1 + y2)2(x2 − y2))ϑ011(x1 − y1,−x2)
y1(y1 + y2)2(x2 − y2) , (138)
K22 =
2x21 (y
2
1 + x1x2)ϑ
0
11(x1, x1 − y1)
y1(y1 + y2)2(x2 − y2)
− 2
y21y2(y1 + y2)
2(y2 − x2)
{
x21
(
y22
(
6y21 + 6y1y2 + y
2
2
)− 4y1y22x2 + y1x22(y1 + 2y2))
21
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Figure 4: Feynman diagrams corresponding to two-to-two transitions of nonquasipartonic
antiquark-gluon operator blocks in Sect. 4.2.4.
− x31y22(5y1 + y2) + y21y22(y1 + y2)2
}
ϑ011(x1 − y1,−x2)
+
2(x21 (x2 (3y
2
1 + 2y1y2 + y
2
2) + 2y
2
1(y1 + y2) + 2y1x
2
2)ϑ
0
11(x1,−x2)
y21(y1 + y2)
2(y2 − x2) , (139)
K˜11 =
2x1(x1(y1 + 3y2)− 2y2(y1 + y2))ϑ011(x1,−x2)
y2(y1 + y2)2
− 2x
2
1ϑ
0
11(x1, x1 − y2)
(y1 + y2)2
− 2x
2
1y1ϑ
0
11(x1 − y2,−x2)
y2(y1 + y2)2
, (140)
K˜12 =
2x21ϑ
0
11(x1, x1 − y2)
y1(y1 + y2)2
+
2x1(x1(y
2
1 − y22)− 2x2y1y2)ϑ011(x1,−x2)
y1y22(y1 + y2)
2
(141)
− 2 (x
2
2 (y
2
1 + y1y2 + y
2
2)− 2y21x2(y1 + y2) + y1(y1 − y2)(y1 + y2)2)ϑ011(x1 − y2,−x2)
y1y22(y1 + y2)
2
, (142)
K˜21 = 2
(x1 − y2)((x2 − 2y1)ϑ0111(x1, x1 − y2,−x2)− y1ϑ0112(x1, x1 − y2,−x2))
y1
+
2x1x
2
2(y1 − y2)ϑ011(x1,−x2)
y1(y1 + y2)2
, (143)
K˜22 =
2(y2 − x1) (x21 (y21 + y1y2 + y22)− y2(y1 + y2)2(2y1 + y2 − 2x2))ϑ011(x1 − y2,−x2)
y1y
2
2(y1 + y2)
2
+
2x21(x1 − y2)ϑ011(x1, x1 − y2)
y1(y1 + y2)2
+
2x21 (y
3
1 − x2 (y21 + 2y1y2 − y22)− y1y22)ϑ011(x1,−x2)
y1y
2
2(y1 + y2)
2
.
(144)
This concludes our analysis of non-singlet two-to-two transitions of nonquasipartonic oper-
ators. They agree with corresponding findings in [8], the last paper of Ref. [6] and [12] after
the Fourier transformations. For a partial result in the singlet channel, we refer the reader to
Appendix B.
4.3 Two-to-three transitions: non-quasipartonic operators
Finally, we come to the analysis of particle number-changing transitions. This is the most
elaborate sector of twist-four operators. Apart from proliferation of Feynman graphs, there are
also subtle effects related to transitions induced by the use of QCD equations of motion. We
provide for the latter a diagrammatic representation that puts it on the same footing as the
rest of the calculation and thus reduces the procedure to tedious algebraic manipulations. An
example exhibiting the formalism is worked out in Appendix D.
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Figure 5: Feynman diagrams responsible for the evolution kernels of ψi−(x1)ψ
j
+(x2) →
ψi
′
+(y1)ψ
j′
+(y2)f¯
a
++(y3) in Sect. 4.3.1 and ψ¯+(x1)ψ−(x1) → ψ¯i′(y1)ψj
′
+ f¯
d
++(y3) in Sect. 4.3.6. Cc’s
are the color structures defined in Eq. (147).
4.3.1 ψ−ψ+ and 12D−+ψ¯+ψ¯+
Let us start our study with the quark-quark bad-good and good-good operators with a transverse
derivative, respectively,
Oij(x1, x2) = ψi−(x1)ψj+(x2) , Oij(x1, x2) = 12D−+ψi+(x1)ψj+(x2) , (145)
mixing with the following three-particle operator constructed from good field components
Oija(y1, y2, y3) = g
√
2ψi+(y1)ψ
j
+(y2)f¯
a
++(y3) . (146)
In both cases, there are three nontrivial color-flow channels
[C1]
ij
i′j′d = f
dbctbii′t
c
jj′, [C2]
ij
i′j′d = i(t
dtb)ii′t
b
jj′, [C3]
ij
i′j′d = it
b
ii′(t
dtb)jj′ , (147)
such that the evolution equation takes the form
[KO]ij(x1, x2) =
∫
[D3y]2
3∑
c=1
[Cc]
ij
i′j′aKc(x1, x2|y1, y2, y3)Oi
′j′a(y1, y2, y3) . (148)
First, for the Oij(z1, z2) = ψi−(z1)ψj+(z2) case, the evolution kernels computed from the diagrams
in Fig. 5 read
K1 =
θ(x1)
y1(y1 + y3)2
− θ(x1 − y1)
y1y23
+
(y1 + 2y3)θ(x1 − y1 − y3)
y23(y1 + y3)
2
, (149)
K2 =
y3(y1 + y3)− x1(y1 + 2y3)θ(x1)
y23(y1 + y3)
2(y1 + y3 − x1) +
(x1 − y3)θ(x1 − y3)
y1y23(y1 + y3 − x1)
+
θ(x1 − y1 − y3)
y1(y1 + y3)2
, (150)
K3 = 0 , (151)
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Figure 6: Feynman diagrams defining the evolution kernels for transitions D−+ψ¯i+(x1)ψ¯
j
+(x2)→
ψi
′
+(y1)ψ
j′
+(y2)f¯
a
++(y3) in Sect. 4.3.1 and D−+ψ¯
i
+(x1)ψ
j
+(x1) → ψ¯i′(y1)ψj
′
+ f¯
d
++(y3) in Sect. 4.3.6
where Cc are the color structures defined in Eq. (147). The last four diagrams correspond to the
contribution of the gauge fieled in the covariant derivative D−+.
while for Oij(x1, x2) = 12D−+ψi+(x1)ψj+(x2) they are
K1 =
x21θ(x1)
y1(y1 + y3)2(x2 − y2) +
(
y2 − x2
y2y23
+
y1(y1 + y3)− x1(y1 + 2y3)
(y1 + y3)2y23
− 1
y23
)
θ(y2 − x2)
+
(
1
y23
− (x1 − y1)
2
y1(x2 − y2)y23
+
y3(y2 + y3)− x1(y2 + 2y3) + y1(y2 + 2y3)
(y2 + y3)2y23
)
θ(x1 − y1)
+
x2θ(x1 − y1 − y2 − y3)
y2(y2 + y3)2
, (152)
K2 =
x21(y1 + 2y3)θ(x1)
y23(y1 + y3)
2(x2 − y2) +
(y23 − x21)θ(x1 − y3)
y1y23(y1 + y3 − x1)
− (x1 + y1 + y3)θ(y2 − x2)
y1(y1 + y3)2
, (153)
K3 = −x2θ(x1 − y1)
y2(y2 + y3)2
+
x2θ(x1 − y1 − y2)
y2y
2
3
− x2(y2 + 2y3)θ(−x2)
y23(y2 + y3)
2
. (154)
Making use of the differential operators introduced in section 3.3, it is straightforward to verify
that these kernels are all conformally invariant.
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4.3.2 1
2
D−+ψ¯+f¯++ and ψ¯+ 12D−+f¯++
Next, we address the good-good quark-gluon operators with transverse derivatives
Oia(x1, x2) = 12D−+ψ¯i+(x1)f¯a++(x2) , Oia(x1, x2) = 12 ψ¯i+(x1)D−+f¯a++(x2) (155)
evolving into
Oiad = g
√
2ψ¯i+(y1)f¯
a
++(y2)f¯
d
++(y3) . (156)
Their one-loop evolution equation
[KO]ia(x1, x2) =
∫
[D3y]2
6∑
c=1
[Cc]
ia
i′a′dKc(x1, x2|y1, y2, y3)Oa
′i′d(y1, y2, y3) , (157)
develops six independent color structures
[C1]
ia
i′a′d = −i(tc)ii′f cdefaa
′e , [C2]
ia
i′a′d = −(tdte)ii′faa
′e , [C3]
ia
ia′d′ = −i(tc)ii′fadef ca
′e ,
[C4]
ia
ia′d = i(t
dta
′
ta)ii′ , [C5]
ia
i′a′d , = i(t
a′tdta)ii′ [C6]
ia
i′a′d = i(t
a′tatd)ii′ . (158)
Their computation of the diagrams in Figs. 7 and 8 yields for the 1
2
D−+ψ¯i+(x1)f¯
a
++(x2) operator
K1 =
x21θ(x1)
y1(y1 + y3)2(x2 − y2) +
1
y1y
2
3(x2 − y2)(y2 + y3)3
{
x32y1(y2 + 3y3)− x22
(
y1y2(y2 + 3y3)
+ (y2 + y3)
3
)
+ 2x2(y2 + y3)
4 − (y2 + y3)5
}
θ(x1 − y1) + 1
y22y
2
3(y1 + y3)
2
{
y22x2(y1 + 2y3)
+ y22(2y3(y2 + y3)− (y1(y2 + 2y3)))− x22(y1 + y3)2
}
θ(y2 − x2) + x
2
2(3y2 + y3)θ(−x2)
y22(y2 + y3)
3
,
(159)
K2 =
x21(y1 + 2y3)θ(x1)
y23(y1 + y3)
2(y2 − x2) −
(x21 − y23)θ(x1 − y3)
y1y23(x2 − y2)
− (x1 + y1 + y3)θ(y2 − x2)
y1(y1 + y3)2
, (160)
K3 =
x21θ(x1)
y1(y1 + y2)2(y3 − x2) +
(y23(x1(y1 + 2y2)− y1(y1 + y2)) + x22(y1 + y2)2) θ(y3 − x2)
y22y
2
3(y1 + y2)
2
+
1
y1y22(y2 + y3)
3(x2 − y3)
{
x22
(
y23(y1 + 3y2) + 3y2y3(y1 + y2) + y
3
2 + y
3
3
)
− y1x32(3y2 + y3)− 2x2(y2 + y3)4 + (y2 + y3)5
}
θ(x1 − y1)− x
2
2(y2 + 3y3)θ(−x2)
y23(y2 + y3)
3
, (161)
K4 =
x21(y2 + 3y3)θ(x1)
y23(y2 + y3)
3
+
(x21(3y2 + y3)− (y2 + y3)3) θ(y1 − x2)
y22(y2 + y3)
3
+
(y23 − x21) θ(x1 − y3)
y22y
2
3
, (162)
K5 =
x21
2y22
{ y1 + 2y2
(y1 + y2)2(x2 − y3) −
2y2
(y2 + y3)3
− 1
(y2 + y3)2
}
θ(x1)− (x1 + y1 + y2)θ(y3 − x2)
2y1(y1 + y2)2
+
((y2 + y3)
3 − x21(y2 + 3y3)) θ(y1 − x2)
2y23(y2 + y3)
3
+
(x21 − y22)(y1x2 − y3(y1 + y3))θ(x1 − y2)
2y1y22y
2
3(x2 − y3)
, (163)
K6 =
x21(y1 + 2y2)θ(x1)
2y22(y1 + y2)
2(y3 − x2) +
(x21 − y22)θ(x1 − y2)
2y1y22(x2 − y3)
+
(x1 + y1 + y2)θ(y3 − x2)
2y1(y1 + y2)2
. (164)
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Figure 7: Feynman diagrams that induce the transitions in Sects. 4.3.2 and 4.3.5. For the
operators in Sect. 4.3.2 and operator 1
2
D−+ψ¯f++ in Sect. 4.3.5, these diagrams correspond to the
flat derivative ∂¯⊥ residing in the covariant derivative D−+, while for the operator ψ¯+f+− in Sect.
4.3.5, they account for the contribution of ∂+A− , ∂¯⊥A⊥ and ∂¯⊥A¯⊥ originating from Eq. (19).
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Figure 8: Feynman diagrams corresponding to the contributions of the gauge fields nested inside
the covariant derivatives for the transitions of 1
2
D−+ψ¯i+f¯
a
++ → ψ¯i+f¯a++f¯ d++ and 12D−+ψ¯i+fa++ →
ψ¯i+f
a
++f¯
d
++ in Sects. 4.3.2 and 4.3.5 respectively.
While for the ψ¯i+(z1)
1
2
D−+f¯a++(z2), the contributing graphs are shown in Figs. 7 and 9 and
their computation gives
K1 =
x1θ(x1)
y1(y1 + y3)2
− 1
y1y23(y2 + y3)
3
{
y1x
2
2(y2 + 3y3)− x2(y2 + y3)
(
(y2 + y3)
2 − y1(y2 + 3y3)
)
+ (y2 + y3)
2
(
y1(y3 − y2) + (y2 + y3)2
)}
θ(x1 − y1) + x
3
2(3y2 + y3)θ(−x2)
y22(x1 − y1)(y2 + y3)3
+
1
y22y
2
3(x1 − y1)(y1 + y3)2
{
y22
(
y21(y3 − y2) + y1
(
y22 + 3y
2
3
)
+ 2y3
(
y22 + y2y3 + y
2
3
) )
− y22x2
(
2y1(y2 − y3)− 2y21 + y3(4y2 + y3)
)
+ y22x
2
2(y1 + 2y3)− x32(y1 + y3)2
}
θ(y2 − x2) ,
(165)
K2 =
x1(y1 + 2y3)θ(x1)
y23(y1 + y3)
2
− x1θ(x1 − y3)
y1y
2
3
+
x1θ(y2 − x2)
y1(y1 + y3)2
, (166)
K3 = − x1θ(x1)
y1(y1 + y2)2
+
1
y1y22(y2 + y3)
3
{
y1x
2
2(3y2 + y3)− x2(y2 + y3)
(
(y2 + y3)
2 − y1(3y2 + y3)
)
+ (y2 + y3)
2
(
y1(y2 − y3) + (y2 + y3)2
)}
θ(x1 − y1) + 1
y22y
2
3(x1 − y1)(y1 + y2)2
{
(y1 + y2)
2
× (x2 − y3)3 − x1y23(x1 − y1)(y1 + 2y2) + 3y3(y1 + y2)2(x2 − y3)2
}
θ(y3 − x2)
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Figure 9: Additional Feynman diagrams contributing to the transition 1
2
D−+ψ¯i+(x1)f¯
a
++(x2) →
ψ¯i
′
+(y1)f¯
a′
++(y2)f¯
d
++(y3) in Sect. 4.3.2.
− x
3
2(y2 + 3y3)θ(−x2)
y23(x1 − y1)(y2 + y3)3
, (167)
K4 =
x1(x2 − y1)(y2 + 3y3)θ(x1)
y23(y2 + y3)
3
+
x1(y1 − x2)θ(x1 − y3)
y22y
2
3
+
x1(y1 − x2)(3y2 + y3)θ(y1 − x2)
y22(y2 + y3)
3
,
(168)
K5 =
x1
y22(y1 + y2)
2(y2 + y3)3
{
x1(y1 + y2)
2(3y2 + y3)− (y2 + y3)
[
y3
(
y21 − 3y22
)
+ y2
(
3y21
+ 5y1y2 + y
2
2
)− y23(y1 + 2y2)]}θ(x1) + x1y22
{
x2 − y1
y23
− 1
y1
}
θ(x1 − y2)
+
x1(y1 − x2)(y2 + 3y3)θ(y1 − x2)
y23(y2 + y3)
3
+
x1θ(y3 − x2)
y1(y1 + y2)2
, (169)
K6 = −x1(y1 + 2y2)θ(x1)
y22(y1 + y2)
2
+
x1θ(x1 − y2)
y1y22
− x1θ(y3 − x2)
y1(y1 + y2)2
. (170)
One of the consistency checks on the above kernels is their conformal invariance: they are anni-
hilated by the differential operators in Eqs. (63) and (64). Yet, they when Fourier transformed
to the coordinate space look superficially different from the corresponding results obtained using
the conformal technique [12]. This is obvious from the fact that the C6 channel is absent in
the latter analysis and what is more disconcerting is that the Fourier transform of the light-ray
kernels in Ref. [12] for the transitions given in Eq. (157) develops logarithmic dependence on
the momentum fraction variables. From the momentum-space technique that is employed is this
work, it is obvious that logarithms simply cannot emerge at one loop merely because one does
not have enough integrations to generate them in the first place. This disparity between the
two results is actually an agreement in disguise. To observe it, one has to use the symmetry of
the operators involved in the transition. Namely, the three-particle operator Oiad defined in Eq.
(156) is symmetric under the interchange of the gluon fields, i.e., simultaneous exchange a ↔ d
and y2 ↔ y3. This procedure eliminates the logarithms from the coordinate-space analysis. To
28
get a complete agreement, we can redistribute the color structure [C6]
ia
ia′d and its corresponding
kernel K6 into other channels. The final expressions do coincide. To be more explicit, we inverse-
Fourier transform our results to the coordinate space and list results in Appendix E.1 since it
gives a simplified form of the corresponding light-ray transition kernels.
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Figure 10: Feynman diagrams defining the evolution kernels in Sects. 4.3.3 and 4.3.4.
4.3.3 f¯++ψ− and 12D−+f¯++ψ+
For the transitions of
Oai(x1, x2) = f¯a++(x1)ψi−(x2) , Oai(x1, x2) = 12D−+f¯a++(x1)ψi+(x2) (171)
to
Oaid = g
√
2f¯a++(y1)ψ
i
+(y2)f¯
d
++(y3) . (172)
29
we find
[KO]ai(x1, x2) =
∫
[D3y]2
6∑
c=1
[Cc]
ai
a′i′dKc(x1, x2|y1, y2, y3)Oa
′i′d(y1, y2, y3) , (173)
where the color structures are determined by the following tensors
[C1]
ai
a′i′d = −i(tc)ii′f cdefaa
′e , [C2]
ia
ia′d′ = −i(tc)ii′fadef ca
′e , [C3]
ia
i′a′d = −(tdte)ii′faa
′e ,
[C4]
ia
ia′d = i(t
dta
′
ta)ii′ , [C5]
ia
i′a′d = i(t
a′tdta)ii′ , [C6]
ia
i′a′d = i(t
a′tatd)ii′ . (174)
For the Oai(x1, x2) = f¯a++(x1)ψi−(x2) case, the Feynman diagrams responsible for the one-loop
evolution are presented in Fig. 10 and produce the following contributions
K1 = −x
2
1 (8y
3
1 + 9y
2
1(y2 + 2y3) + 3y1(y2 + 2y3)
2 + y3(y2 + y3)(y2 + 2y3)) θ(x1)
y21(y1 + y3)
3(x1 + x2)3
+
x21(y2 + 2y3)θ(x1 − y1)
y21y
2
3(y2 + y3)
2
− x
2
1(y1 + 3y3)θ(y2 − x2)
y2y23(y1 + y3)
3
+
x21(y1 + 3(y2 + y3))θ(−x2)
y2(y2 + y3)2(x1 + x2)3
, (175)
K2 =
x21 (9y
2
3(2y1 + y2) + 3y3(2y1 + y2)
2 + y1(y1 + y2)(2y1 + y2) + 8y
3
3) θ(x1)
y23(y1 + y3)
3(x1 + x2)3
− x
2
1(2y1 + y2)θ(x1 − y3)
y21y
2
3(y1 + y2)
2
+
x21(3y1 + y3)θ(y2 − x2)
y21y2(y1 + y3)
3
− x
2
1(3(y1 + y2) + y3)θ(−x2)
y2(y1 + y2)2(x1 + x2)3
, (176)
K3 =
x21 (4y
2
1 + y1(5y2 + 2y3) + y2(y2 + y3)) θ(x1)
y21(y1 + y2)
2(x1 + x2)3
− x
2
1θ(x1 − y1)
y21y2(y2 + y3)
2
+
(y3 − x2) (x21 + x1y2 + y2(y1 + y2)) θ(y3 − x2)
y2y
2
3(x1 − y1)(y1 + y2)2
+
1
y23(x1 − y1)(y2 + y3)2(y1 + y2 + y3)3
{
x21y1(y1(y2 + 2y3) + (y2 + y3)
2(x1 + x2)
3
− x31(y1(y2 + 2y3) + (y2 + y3)(y2 + 4y3)) + (y2 + y3)(y2 + 4y3))
}
θ(−x2) , (177)
K4 =
x21(3(y1 + y2) + y3)θ(x1)
y2(y1 + y2)2(y1 + y2 + y3)3
− (x1 − y2)
2(3y1 + y3)θ(x1 − y2)
y21y2(y1 + y3)
3
+
(x2 − y3)(y2(y1 + y2)− x1(2y1 + y2))θ(y3 − x2)
y21y
2
3(y1 + y2)
2
− 1
y23(y1 + y3)
3(y1 + y2 + y3)3
{
x21
(
9y23(2y1 + y2) + 3y3(2y1 + y2)
2 + 8y33
+ y1(y1 + y2)(2y1 + y2)
)− 2x1(y1 + 3y3)(x1 + x2)3 + y2(y1 + 3y3)(x1 + x2)3}θ(−x2) ,
(178)
K5 =
x21 (y1 + y2 + 3y3) θ(x1)
y2y
2
3(x1 + x2)
3
− (x1 − y2)
2(y1 + 3y3)θ(x1 − y2)
y2y
2
3(y1 + y3)
3
− x
2
1θ(x1 − y3)
y2y
2
3(y1 + y2)
2
+
(x2 − y1) (x21 − x1y2 + y2y3) θ(y1 − x2)
y21y2y
2
3(y3 − x1)
+
1
y21y3(x1 + x2)
3
{
x2(x1 − y2)(x1 + x2)2
y1 + y3
+
y1(x1 + x2)
(x1 − y3)(y1 + y2)2
[
x21(y3(y1 + y2 + x2) + 2x2(y1 + y2)) + x1y3(y1 + y2)(2x2 − y1 − y2)
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Figure 11: Graphs producing the contribution of gluon fields in the covariant derivative D−+ as
for the case of 1
2
D−+f¯++ψ− in Sect. 4.3.3, or in the form of A¯⊥A⊥ for the case of f+−ψ in Sect.
4.3.4.
+ y3x
2
2(y1 + y2)
]
− (x1 + x2)
2
(
x31 − x21(y2 + y3) + y3(x1y1 − x2y2)
)
(x1 − y3)(y1 + y2) +
x1y1x2(y3 − y1)
y1 + y3
− y1(x1 − y2)(x1 + x2)(y1 − y3) ((x1 + x2)
2 − x1(2y1 + y2 + 2y3))
(y1 + y3)3
− x1y1x2
}
θ(−x2) ,
(179)
K6 = −x
2
1(y1(y2 + 2y3) + (y2 + y3)(y2 + 4y3))θ(x1)
y23(y2 + y3)
2(x1 + x2)3
+
x21θ(x1 − y3)
y2y23(y1 + y2)
2
+
(x2 − y1) (x21 + x1y2 + y2(y2 + y3)) θ(y1 − x2)
y21y2(x1 − y3)(y2 + y3)2
+
1
y21(x1 − y3)(y1 + y2)2(x1 + x2)3
{
x31
× (4y21 + y1(5y2 + 2y3) + y2(y2 + y3))− x21y3 (4y21 + y1(5y2 + 2y3) + y2(y2 + y3))
− (y1 + y2)2(x1 + x2)3
}
θ(−x2) . (180)
For theOai(x1, x2) = 12D−+f¯a++(x1)ψi+(x2) operator, the Feynman graphs describing its transition
into f¯a
′
++(z1)ψ
i′
+(z2)f¯
d
++(z3) are shown in Figs. 10 and 11, such that
K1 =
x31
y21(y1 + y3)
3(x2 − y2)(x1 + x2)3
{
x2
[
8y31 + 9y
2
1(y2 + 2y3) + 3y1(y2 + 2y3)
2 + y3(y2 + y3)
× (y2 + 2y3)
]
+ (y1 + y3)
3(3y1 + y2 + y3)
}
θ(x1) +
1
y21y
2
3(y2 + y3)
2(x2 − y2)
{
x41(y2 + 2y3)
− x31
(
y1(y2 + 2y3) + y
2
2 + 3y2y3 + 3y
2
3
)− 3x21y21(y2 + 2y3) + x1y21(5y1(y2 + 2y3)
+ 2y22 + 7y2y3 + 8y
2
3
)− y21 (2y21(y2 + 2y3) + y1 (y22 + 4y2y3 + 5y23)− y3(y2 + y3)2)}θ(x1 − y1)
− 1
y2y23(y1 + y3)
3
{
x21y2(y1 + 3y3)− x31(y1 + 3y3) + x1(y1 + y3)
(
3y21 + y1(y2 + 6y3) + 3y3(y2 + y3)
)
− (y1 + y3)2
(
2y21 + y1(y2 + 2y3)− y2y3
)}
θ(y2 − x2)
31
+
x2 (x
2
1(y1 + 3(y2 + y3)) + x1(x1 + x2)(y1 + 3(y2 + y3))− 2y1(x1 + x2)2) θ(−x2)
y2(y2 + y3)2(x1 + x2)3
, (181)
K2 =
x31
y23(y1 + y3)
3(y2 − x2)(x1 + x2)3
{
x2
(
9y23(2y1 + y2) + 3y3(2y1 + y2)
2 + y1(y1 + y2)
× (2y1 + y2) + 8y33
)
+ (y1 + y3)
3(y1 + y2 + 3y3)
}
θ(x1) +
1
y21y
2
3(y1 + y2)
2(x2 − y2)
×
{
x31
(
y21 + x2(2y1 + y2)
)
+ y23
(
3x21(2y1 + y2)− x1
(
8y21 + 7y1y2 + 2y
2
2
)
− y1(y1 + y2)2
)− y33(5x1(2y1 + y2)− 5y21 − 4y1y2 − y22)+ 2y43(2y1 + y2)}θ(x1 − y3)
+
1
y21y2(y1 + y3)
3
{
x21y2(3y1 + y3)− x31(3y1 + y3) + x1(y1 + y3)
(
y3(6y1 + y2)
+ 3y1(y1 + y2) + 3y
2
3
)− (y1 + y3)2(y3(y2 + 2y3)− y1(y2 − 2y3))}θ(y2 − x2)
− x2
(
x21(3(y1 + y2) + y3) + x1(x1 + x2)(3(y1 + y2) + y3)− 2y3(x1 + x2)2
)
y2(y1 + y2)2(x1 + x2)3
θ(−x2) , (182)
K3 =
x31 (4y
2
1 + y1(5y2 + 2y3) + y2(y2 + y3)) θ(x1)
y21(y1 + y2)
2(x1 + x2)3
− (x1 − y1)
2(x1 + 2y1)θ(x1 − y1)
y21y2(y2 + y3)
2
+
(x2 − y3)2(x1 + 2(y1 + y2))θ(y3 − x2)
y2y23(y1 + y2)
2
− 1
y23(y2 + y3)
2(x1 + x2)3
{
x31(y1(y2 + 2y3)
+ (y2 + y3)(y2 + 4y3))− 3x1(y2 + 2y3)(x1 + x2)3 + 2(x1 + x2)3
(
y1(y2 + 2y3)
+ (y2 + y3)
2
)}
θ(−x2) , (183)
K4 = −x
3
1(3(y1 + y2) + y3)θ(x1)
y2(y1 + y2)2(x1 + x2)3
+
(x1 − y2)3(3y1 + y3)θ(x1 − y2)
y21y2(y1 + y3)
3
− (x2 − y3)
2 (2x1y1 + x1y2 + y
2
1 − y22) θ(y3 − x2)
y21y
2
3(y1 + y2)
2
+
x2
y23(y1 + y3)
3(y1 + y2 + y3)3
×
{
3x2(y1 + y3)
(
3y3(2y1 + y2) + y1(y1 + y2) + 5y
2
3
)
(x1 + x2)− x22
(
9y23(2y1 + y2)
+ 3y3(2y1 + y2)
2 + y1(y1 + y2)(2y1 + y2) + 8y
3
3
)− 6y3(y1 + y3)2(x1 + x2)2}θ(−x2) ,
(184)
K5 = −x
3
1 (y1 + y2 + 3y3) θ(x1)
y2y
2
3(x1 + x2)
3
+
(x1 − y2)3(y1 + 3y3)θ(x1 − y2)
y2y
2
3(y1 + y3)
3
+
(x1 − y3)2(x1 + 2y3)θ(x1 − y3)
y2y23(y1 + y2)
2
− (x1 − y2 + 2y3) (x2 − y1)
2 θ(y1 − x2)
y21y2y
2
3
+
1
y21y3
{
2x31y
2
1
y2(x1 + x2)3
− x
3
1y
2
1
y2(x1 + x2)(y1 + y2)2
− x
3
1y
2
1
y2(x1 + x2)2(y1 + y2)
− 2y
2
1(x1 − y2)3
y2(y1 + y3)3
+
3y3 ((y1 + y2)
2 − x1(2y1 + y2))
(y1 + y2)2
+
(x1 − y2)3
y2(y1 + y3)
+
y1(x1 − y2)3
y2(y1 + y3)2
+
2y23(2y1 + y2)
(y1 + y2)2
}
θ(−x2) ,
(185)
K6 =
x31(y1(y2 + 2y3) + (y2 + y3)(y2 + 4y3))θ(x1)
y23(y2 + y3)
2(x1 + x2)3
− (x1 − y3)
2(x1 + 2y3)θ(x1 − y3)
y2y
2
3(y1 + y2)
2
32
+
(x2 − y1)2(x1 + 2(y2 + y3))θ(y1 − x2)
y21y2(y2 + y3)
2
− x2
y21(y1 + y2)
2(x1 + x2)3
{
x22
(
4y21 + y1(5y2 + 2y3)
+ y2(y2 + y3)
)− 3x2 (4y21 + y1(5y2 + 2y3) + y2(y2 + y3)) (x1 + x2)
+ 6y1(y1 + y2)(x1 + x2)
2
}
θ(−x2) . (186)
In this transition channel, we encounter the same logarithmic conundrum as in the channel
discussed in the previous Sect. 4.3.2 after Fourier transforming corresponding kernels derived in
Ref. [12]. Yet again making use of the symmetry under a ↔ d, y1 ↔ y3, we manage to get
rid of all logarithmic terms and the resulting expression completely agree with our Feynman
diagrammatic results. All our results here are conformally invariant as expected. The inverse-
Fourier transformed kernels are provided in Appendix E.2 for comparison with Ref. [12].
4.3.4 f+−ψ+ and f++ψ−
The two-particle blocks
Oai(x1, x2) = fa+−(x1)ψi+(x2) , Oai(x1, x2) = fa++(x1)ψi−(x2) (187)
undergo a transition to the following three-field operator
Oaid = g
√
2fa++(y1)ψ
i
+(y2)f¯
d
++(y3) , (188)
according to
[KO]ai(x1, x2) =
∫
[D3y]2
6∑
c=1
[Cc]
ai
a′i′dKc(x1, x2|y1, y2, y3)Oa
′i′d(y1, y2, y3) , (189)
where the decomposition runs over the color structures given in Eq. (158).
The evolution kernels for the two cases Oai(x1, x2) = fa+−(x1)ψi+(x2) and Oai(x1, x2) =
fa++(x1)ψ
i
−(x2) read,
K1 =
x1(3y1 + y3)θ(x1)
y21(y1 + y3)
3
− x1θ(x1 − y1)
y21y
2
3
+
x1(y1 + 3y3)θ(x1 − y1 − y3)
y23(y1 + y3)
3
, (190)
K2 =
x1(x1(y1 + 3y3)− 2y3(y1 + y3))θ(x1)
(x1 − y1 − y3)y23(y1 + y3)3
− (x1 − y3)
2θ(x1 − y3)
y21y
2
3(x1 − y1 − y3)
− ((y1 + y3)
2 − x1(3y1 + y3))θ(x1 − y1 − y3)
y21(y1 + y3)
3
, (191)
K3 = 0 , (192)
K4 = 0 , (193)
K5 = 0 , (194)
K6 = 0 (195)
and
K1 =
(y2 + 2y3)θ(x1 − y1)
y23(y2 + y3)
2
− θ(x1 − y1 − y3)
y2y
2
3
+
θ(−x2)
y2(y2 + y3)2
, (196)
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K2 = 0 , (197)
K3 = − θ(x1 − y1)
y2(y2 + y3)2
+
(
1− y2
x1 − y1
)
θ(x1 − y1 − y2)
y2y23
−
(
y2 + 2y3 − (y2 + y3)
2
x1 − y1
)
θ(−x2)
y23(y2 + y3)
2
, (198)
K4 =
(x1(3y1 + y3)− y1(y1 + 3y2)− y3(y1 + y2))θ(x1)
y21(y1 + y3)
3
+
(x2 − y3)θ(y3 − x2)
y21y
2
3
+
((y3 − x2)(y1 + 3y3)− 2y23)θ(−x2)
y23(y1 + y3)
3
, (199)
K5 =
(x1(y1 + 3y3)− y1(y2 + y3)− y3(3y2 + y3))θ(x1 − y2)
y23(y1 + y3)
3
+
(x2 − y1)θ(y1 − x2)
y21y
2
3
− (2y
2
1 − x1(3y1 + y3) + 3y1(y2 + y3) + y3(y2 + y3))θ(−x2)
y21(y1 + y3)
3
, (200)
K6 = 0 , (201)
respectively. The first set comes from Fig. 10, while the second one from both Figs. 10 and 11.
This time we have found an exact agreement with the findings of Ref. [12] without further imple-
mentation of symmetry properties. This can be easily explained by the fact that the operators in
this case lack the “field exchanging” symmetries. As a result, no redundancies in the evolution
kernels are allowed to be left over. By taking the heavy quark limit, we also reproduced the
results reported in Ref. [22].
4.3.5 ψ¯+f+− and 12D−+ψ¯+f++
Next, we calculate
Oia(x1, x2) = ψ¯i+(x1)fa+−(x2) , Oia(x1, x2) = 12D−+ψ¯i+(x1)fa++(x2) , (202)
transition to
Oiad = g
√
2ψ¯i+(y1)f
a
++(y2)f¯
d
++(y3) . (203)
It is described by
[KO]ia(x1, x2) =
∫
[D3y]2
6∑
c=1
[Cn]
ia
a′i′dKc(x1, x2|y1, y2, y3)Oa
′i′d(y1, y2, y3) , (204)
with the color structures given in Eq. (158).
For Oia(x1, x2) = ψ¯i+(x1)fa+−(x2) the kernels are
K1 = −x1x2(3y1 + y2 + 3y3)θ(x1)
y1(y1 + y3)2(x1 + x2)3
+
x1x2(y2 + 3y3)θ(x1 − y1)
y1y23(y2 + y3)
3
− x1x2(y1 + 2y3)θ(y2 − x2)
y22y
2
3(y1 + y3)
2
+
x1x2
(
y21(3y2 + y3) + 3y1(y2 + y3)(3y2 + y3) + 2(y2 + y3)
2(4y2 + y3)
)
θ(−x2)
y22(x1 + x2)
3(y2 + y3)3
, (205)
K2 = −
x1x2
(
y21 + 2y3(y2 + 2y3) + y1(y2 + 5y3)
)
θ(x1)
y23(y1 + y3)
2(x1 + x2)3
+
x1x2θ(x1 − y3)
y1y
2
3(y1 + y2)
2
− x1x2θ(y2 − x2)
y21y
2
2(y1 + y3)
2
34
+
x1x2
(
y21 + 2y2(2y2 + y3) + y1(5y2 + y3)
)
θ(−x2)
y22(y1 + y2)
2(x1 + x2)3
, (206)
K3 =
x1
(
2(x1 + x2)(y1 + y2)− x1(3(y1 + y2) + y3)
)
θ(x1)
y1(y1 + y2)2(x1 + x2)3
− x1
(
2y2(y2 + y3)− x1(3y2 + y3) + y1(3y2 + y3)
)
θ(x1 − y1)
y1y
2
2(y2 + y3)
3
− (x2 − y3)
2
(
y22 + x1(y1 + 2y2)
)
θ(y3 − x2)
y22y
2
3(x1 − y1)(y1 + y2)2
+
1
y23(y2 + y3)
3
{(y2 + y3)3
x1 − y1
+
x21
(
y21(y2 + 3y3) + 3y1(y2 + y3)(y2 + 3y3) + 2(y2 + y3)
2(y2 + 4y3)
)
(x1 + x2)3
− x1
(
y21(y2 + 3y3) + 3(y2 + y3)
2(y2 + 3y3) + 2y1(y2 + y3)(2y2 + 5y3)
)
(x1 + x2)2
}
θ(−x2) , (207)
K4 =
x1
y23(x1 + x2)
3(y2 + y3)3
{
x1
(
y21(y2 + 3y3) + 3y1(y2 + y3)(y2 + 3y3)
+ 2(y2 + y3)
2(y2 + 4y3)
)− (x1 + x2)(y2 + y3)(y1(y2 + 3y3) + (y2 + y3)(y2 + 5y3))}θ(x1)
− x1
(
x1(y1 + 2y2)− y1(y2 + y3)− y2(y2 + 2y3)
)
θ(x1 − y3)
y22y
2
3(y1 + y2)
2
− x1(x2 − y1)(3y2 + y3)θ(y1 − x2)
y1y22(y2 + y3)
3
+
x1x2(3(y1 + y2) + y3)θ(−x2)
y1(y1 + y2)2(x1 + x2)3
, (208)
K5 =
x1
y23
{ 2x1y2
y1(y2 + y3)3
− 2y2(y1 + y2) + x1(y1 + 2y2)
y22(y1 + y2)
2
− 3x1 + 2y2
y1(y2 + y3)2
+
4
y1(y2 + y3)
− 2x1(y1 + y2)
y1(x1 + x2)3
+
3x1 + 2(y1 + y2)
y1(x1 + x2)2
− 4
y1(x1 + x2)
}
θ(x1)− (x1 − y2)
2θ(x1 − y2)
y1y22y
2
3
+
(x2 − y3)2θ(y3 − x2)
y1(y1 + y2)2y23
+
(y1 − x2)
(
x1(y2 + 3y3)− (y2 + y3)2
)
θ(y1 − x2)
y1y23(y2 + y3)
3
−
(
(x1 + x2)
3 − 2x1(x1 + x2)(y1 + y2 + 2y3) + x21(y1 + y2 + 3y3)
)
θ(−x2)
y1y23(x1 + x2)
3
, (209)
K6 =
x1
(
2y2(x1 + x2)(y1 + y2)− x1(y21 + 2y2(2y2 + y3) + y1(5y2 + y3))
)
θ(x1)
y22(y1 + y2)
2(x1 + x2)3
+
(x1 − y2)2θ(x1 − y2)
y1y22(y1 + y3)
2
− (x2 − y3)
2θ(y3 − x2)
y1y23(y1 + y2)
2
+
x2
(
(x1 + x2)
2(y1 + 2y3)− x1(y21 + 2y3(y2 + 2y3) + y1(y2 + 5y3))
)
θ(−x2)
, (210)
while for Oia(z1, z2) = 12D−+ψ¯i+(z1)fa++(z2) they are found to be
K1 =
x21
y1(y1 + y3)2
{ 1
x2 − y2 +
2x1y2 − 3(x1 + x2)(x1 + y2) + 5(x1 + x2)2
(x1 + x2)3
}
θ(x1)
+
1
y23
{
1− (x1 − y1)
2
y1(x2 − y2)(y2 + y3)3
(
y2(x2 − y3)2 + y3(x2 − y3)(3y1 + 5y2 − 3x1)
+ 2y23(4y1 + 5y2 − 4x1) + 6y33
)}
θ(x1 − y1)
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− 1
y22y
2
3(y1 + y3)
2
{
x31(y1 + 2y3)− (y1 + y3)
(
y31 − y22y3 + 2y21(y2 + y3) + y1y3(2y2 + y3)
)
+ x1(x1 + x2)
(
3y21 + 2y3(y2 + y3) + y1(y2 + 5y3)
)
− x21
(
3y21 + 4y3(y2 + y3) + y1(2y2 + 7y3)
)}
θ(y2 − x2)
+
x22
y22(y2 + y3)
3(x1 + x2)3
{
x1
(
y21(3y2 + y3) + 3y1(y2 + y3)(3y2 + y3) + 2(4y2 + y3)
× (y2 + y3)2
)− y1(x1 + x2)(y1(3y2 + y3) + (y2 + y3)(4y2 + y3))}θ(−x2) , (211)
K2 =
x21
y23(y1 + y3)
2
{
9 +
2x1 − y1
x2 − y2 −
2x1y2(y1 + y2)
(x1 + x2)3
+
3(y2(y1 + y2) + x1(y1 + 2y2))
(x1 + x2)3
− 4x1 + 5y1 + 10y2
x1 + x2
}
θ(x1)− x
2
1 − y23
y1y
2
3(y1 + y2)
2(x2 − y2)
{
x21 + 3y
2
1 + (y2 + y3)
2
+ y1(4y2 + 3y3)− x1
(
3y1 + 2(y2 + y3)
)}
θ(x1 − y3)− x
2
2(x1 + y1 + y3)θ(y2 − x2)
y1y22(y1 + y3)
2
+
x22
y22(y1 + y2)
2(x1 + x2)3
{
x1
(
y21 + 2y2(2y2 + y3) + y1(5y2 + y3)
)
+ (x1 + x2)
(
y21 + y1(4y2 + y3) + y2(3y2 + 2y3)
)}
θ(−x2) , (212)
K3 =
x21
(
x1(3(y1 + y2) + y3)− 3(x1 + x2)(y1 + y2)
)
θ(x1)
y1(y1 + y2)2(x1 + x2)3
− (x1 − y1)
2
y1y
2
2(y2 + y3)
3
{
x1(3y2 + y3)
− 3y2(y2 + y3)− y1(3y2 + y3)
}
θ(x1 − y1) + (y3 − x2)
3(y1 + 2y2)θ(y3 − x2)
y22y
2
3(y1 + y2)
2
+
x22
y23(y2 + y3)
3(x1 + x2)3
{
(x1 + x2)
(
2(y2 + y3)
3 + 3y1(y2 + y3)(y2 + 2y3) + y
2
1(y2 + 3y3)
)
− x1
(
y21(y2 + 3y3) + 3y1(y2 + y3)(y2 + 3y3) + 2(y2 + y3)
2(y2 + 4y3)
)}
θ(−x2) , (213)
K4 =
x21
y23(y2 + y3)
3(x1 + x2)3
{
(x1 + x2)(y2 + y3)
(
2(y2 + y3)(y2 + 4y3) + y1(2y2 + 5y3)
)
− x1
(
y21(y2 + 3y3) + 3y1(y2 + y3)(y2 + 3y3) + 2(y2 + y3)
2(y2 + 4y3)
)}
θ(x1)
+
x21 − y23
y22(y1 + y2)
2y23
{
x1(y1 + 2y2)− 2y2(y2 + y3)− y1(2y2 + y3)
}
θ(x1 − y3)
− (x2 − y1)
2
(
(y2 + y3)(2y2 + y3) + x1(3y2 + y3)
)
θ(y1 − x2)
y1y
2
2(y2 + y3)
3
+
x22
(
(x1 + x2)(2(y1 + y2) + y3) + x1(3(y1 + y2) + y3)
)
θ(−x2)
y1(y1 + y2)2(x1 + x2)3
, (214)
K5 =
x21
y23
{3y2(y1 + y2)− x1(y1 + 2y2)
y22(y1 + y2)
2
− 2x1y2
y1(y1 + y3)3
+
3(x1 + y2)
y1(y2 + y3)2
− 6
y1(y2 + y3)
+
2x1(y1 + y2)
y1(x1 + x2)3
− 3(x1 + y1 + y2)
y1(x1 + x2)2
+
6
y1(x1 + x2)
}
θ(x1) +
(x1 − y2)3θ(x1 − y2)
y1y22y
2
3
+
(x2 − y3)3θ(y3 − x2)
y1y23(y1 + y2)
2
+
(x2 − y1)2
(
y2(y2 + y3)− x1(y2 + 3y3)
)
θ(y1 − x2)
y1y23(y2 + y3)
3
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− x
2
2
(
(x1 + x2)(y1 + y2)− x1(y1 + y2 + 3y3)
)
θ(−x2)
y1y23(x1 + x2)
3
, (215)
K6 =
x21
(
x1(y
2
1 + 2y2(2y2 + y3) + y1(5y2 + y3)− 3y2(x1 + x2)(y1 + y2))
)
θ(x1)
y22(y1 + y2)
2(x1 + x2)3
− (x1 − y2)
3θ(x1 − y2)
y1y22(y1 + y3)
2
− (x2 − y3)
3θ(y3 − x2)
y1y23(y1 + y2)
2
+
x22
y23(y1 + y3)
2(x1 + x2)3
{
(x1 + x2)
(
(y1 + 2y3)(y1 + y2) + y
2
3
)
− x1
(
y21 + 2y3(y2 + 2y3) + y1(y2 + 5y3)
)}
θ(−x2) . (216)
Here we again find complete agreement with Ref. [12].
4.3.6 ψ¯+ψ− and 12D−+ψ¯+ψ+
Finally, we address the evolution of
Oij(x1, x2) = ψ¯i+(x1)ψj−(x2) , Oij(x1, x2) = 12D−+ψ¯i+(x1)ψj+(x2) (217)
into
Oijd = g
√
2ψ¯i+(y1)ψ
j
+(y2)f¯
d
++(y3) . (218)
This sector is determined by the transition
[KO]ij(x1, x2) =
∫
[D3y]2
3∑
c=1
[Cc]
ij
a′i′dKc(x1, x2|y1, y2, y3)Oi
′j′d(y1, y2, y3) , (219)
expanded over three color structures given in Eq. (147), with explicit results for Oij(x1, x2) =
ψ¯i+(x1)ψ
j
−(x2) and Oij(z1, z2) = 12D−+ψ¯i+(z1)ψj+(z2) cases being
K1 =
x1(2y1 + y2 + 2y3)θ(x1)
y1(x1 + x2)2(y1 + y3)2
− x1(y2 + 2y3)θ(x1 − y1)
y1y23(y2 + y3)
2
+
x1(y1 + 2y3)θ(y2 − x2)
y2y23(y1 + y3)
2
− x1
(
y1 + 2(y2 + y3)
)
θ(−x2)
y2(x1 + x2)2(y2 + y3)2
, (220)
K2 =
x1
(
y1(y1 + y2) + 2y3(2y1 + y2) + 3y
2
3
)
θ(x1)
y23(x1 + x2)
2(y1 + y3)2
− x1θ(x1 − y3)
y1y23(y1 + y2)
+
x1θ(y2 − x2)
y1y2(y1 + y3)2
− x1θ(−x2)
y2(y1 + y2)(x1 + x2)2
, (221)
K3 =
x1θ(x1)
y1(y1 + y2)(x1 + x2)2
− x1θ(x1 − y1)
y1y2(y2 + y3)2
+
(y3 − x2)(x1 + y2)θ(y3 − x2)
y2y23(x1 − y1)(y1 + y2)
+
1
y23(x1 − y1)(x1 + x2)2(y2 + y3)2
{
(x1 + x2)
2(y2 + y3)
2 − x21
(
y1(y2 + 2y3)
+ (y2 + y3)(y2 + 3y3)
)
+ x1y1
(
y1(y2 + 2y3) + (y2 + y3)(y2 + 3y3)
)}
θ(−x2) , (222)
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and
K1 =
x21
(
3y1(y1 + y2) + y
2
2 + 3y3(2y1 + y2 + y3)− x1(2y1 + y2 + 2y3)
)
θ(x1)
y1(x2 − y2)(y1 + y3)2(x1 + x2)2
+
1
y23
{
1− (x1 − y1)
2
(
y2(y1 + y2) + y3(2y1 + 3y2) + 3y
2
3 − x1(y2 + 2y3)
)
y1(x2 − y2)(y2 + y3)2
}
θ(x1 − y1)
− 1
y23
{
1− x2
(
y1(y1 + y3)− x1(y1 + 2y3)
)
y2(y1 + y3)2
}
θ(y2 − x2)
− x2
(
y1(x1 + x2)− x1(y1 + 2(y2 + y3))
)
θ(−x2)
y2(x1 + x2)2(y2 + y3)2
, (223)
K2 =
x21
y23(y1 + y3)
2
{y1 + 2y3
x2 − y2 +
y1(y1 + y2) + 2y3(2y1 + y2) + 3y
2
3
(x1 + x2)2
}
θ(x1)
− (x2 + y1)(x
2
1 − y23)θ(x1 − y3)
y1y23(x2 − y2)(y1 + y2)
− x2(x1 + y1 + y3)θ(y2 − x2)
y1y2(y1 + y3)2
+
x2(2x1 + x2)θ(−x2)
y2(y1 + y2)(x1 + x2)2
,
(224)
K3 =
x21θ(x1)
y1(y1 + y2)(x1 + x2)2
− (x1 − y1)
2θ(x1 − y1)
y1y2(y2 + y3)2
+
(x2 − y3)2θ(y3 − x2)
y2y
2
3(y1 + y2)
− x2
y23(x1 + x2)
2(y2 + y3)2
{
(x1 + x2)
(
(y2 + y3)
2 + y1(y2 + 2y3)
)
− x1
(
y1(y2 + 2y3) + (y2 + y3)(y2 + 3y3)
)}
θ(−x2) , (225)
respectively. Again, when Fourier transformed to the coordinate space, we found complete agree-
ment with the conformally approach of Ref. [12]. This completes our study of flavor-nonsinglet
transitions.
5 Outlook and Conclusion
In this paper, we generalized the formalism suggested by Bukhvostov-Frolov-Lipatov-Kuraev for
renormalization of quasipartonic operators to include nonquasipartonic operators as well. The
advantage of the method is that at one-loop order, the procedure is purely algebraic requiring
straightforward though quite tedious manipulations with Dirac and Lorentz structure of Feynman
graphs. The focus of the present study was the evolution equations for non-singlet twist-four
operators. Their basis consists of four-particle quasipartonic and three-particle good-good-bad
light-cone operators. While the former were studied at length in existing literature, the latter
were addressed here starting from Feynman graphs, providing an explicit brute force calculation
of these evolution kernels. The main ingredients for these transitions are good-bad two-to-two
and two-to-three components. A crucial role in both cases is placed by proper use of QCD
equations of motion which induce extra contribution that are required for proper closure of
evolutions equations. Since the basis of twist-four operators is built from conformal primary
fields, the resulting evolution kernels should obey a very stringent consistency constraint of being
conformally invariant. This was explicitly confirmed by our analysis.
We provided a Fourier transform from the momentum to coordinate space and back and
checked our findings against the only available earlier results for nonquasipartonic operators that
were derived for light-ray operators making use of the conformal symmetry and dynamical part
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Figure 12: Feynman Diagram responsible for χ+ ⊗ ψ− → χ+ ⊗ ψ− + χ− ⊗ ψ+ in Eq. (85).
of the Poincare´ algebra. We found agreement in all cases and also provided a simplified form of
light-ray kernels in certain channels that made use of the exchange symmetry of the operators
involved.
Acknowledgments
We would like to thank A. Manashov for very instructive discussions and clarification with regards
to results of Ref. [12] and N. Offen for helpful correspondence about heavy light-ray operators
and, last but not least, M. Ramsey-Musolf and M. Glatzmaier for their interest in the project
at its early stages. This work was supported by the U.S. National Science Foundation under the
grant PHY-1068286.
A Sample calculations in light cone gauge
In this appendix we provide an explicit calculation of the transitions kernel for good-bad two-to-
two quark transitions χ+⊗ψ− → χ+⊗ψ−+χ−⊗ψ+, shown in Fig. 12. The operator in question
can be written at one loop in the form
O(x1, x2) =
∫
d4p1
(2pi)4
d4p2
(2pi)4
d4k1
(2pi)4
d4k2
(2pi)4
δ(k+1 − x1)δ(k+2 − x1)δ(p+1 − y1)δ(p+2 − y2) (226)
× ψ¯(p2)
{Vbν(k3, p2,−k2)iP(−k2)√24 γ+γ−(1 + γ5)iP(k1)Vaµ(−k3,−k1, p1)(−i)∆abµν(k3)}ψ(p1) ,
where in the gluon propagator in the light-cone gauge was introduced in Eq. (34), while for
reader’s convenience we provide below expressions for the quark propagator and and the vertex
function, respectively,
P(k) = /k
k2 + i0
, Vaµ(k1, k2, k3) = igtaγµ(2pi)4δ4(k1 + k2 + k3) .
Denoting the string introduced in curly brackets as N /D, we can work out the denominator D
stemming from the propagators as D = (p1+p2−k1)2(p1−k1)2k21. Choosing the loop momentum
as k = k1, we expand D in inverse powers of the transverse momentum k⊥ and find immediately
for the leading and first subleasing contributions
1
D =
1
k6⊥
1
[k+β − 1][(k+ − p+1 − p+2 )β − 1][(k+ − p+1 )β − 1]
(227)
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×
[
1− 2(p
⊥
1 + p
⊥
2 ) · k⊥
k2⊥[(k
+ − p+1 − p+2 )β − 1]
− 2p
⊥
1 · k⊥
k2⊥[(k
+ − p+1 )β − 1]
]
+O(1/k8⊥) ,
We will parametrize the contributions of the first, second and third terms in the square brackets
as A, B and C contributions, respectively, i.e., A− B − C.
To clarity the manipulations involved in the analysis, the numerator
N = −i
√
2
4
g2ta ⊗ ta (228)
× ψ¯(p2)[γν(/k − /p1 − /p2)γ+γ−/kγµ](1 + γ5)ψ(p1)
(
gµν +
(k − p1)µnν + (k − p1)νnµ
(p1 − k)+
)
,
will be calculated term by term. To start with, notice that p−1 and p
−
2 can be automatically
neglected in the calculation as they vanish for Fourier transform of light-ray operators that we
consider in this work. Let us start with the gµν piece and denote its contraction with the strong
of Dirac matrices in Eq. (228) as I1. Then after Sudakov decomposition of all momenta and
little Dirac algebra, we find after rescaling the k− momentum component according to Eq. (42)
I1 = gµνγν(/k − /p1 − /p2)γ+γ−/kγµ ≃ 4k2⊥[β(k+ − p+1 − p+2 )− 1] (229)
where we have neglected all terms that do not produce any divergences, i.e., terms scaling as kn⊥
with n < 2. Next, we turn to the second (k − p1)µnν and third (k − p1)νnµ terms. For their
contraction with the scare bracket, we find in a completely analogous manner
I2 = γν(/k − /p1 − /p2)γ+γ−/kγµ(k − p1)µnν
≃ 2(k+ − p+1 − p+2 )[2k−(k+ − p+1 )− k2⊥]γ+γ− − 2βk2⊥(k+ − p+1 − p+2 )γ+/p⊥1 , (230)
I3 = γν(/k − /p1 − /p2)γ+γ−/kγµ(k − p1)νnµ
≃ 4k⊥ · (p1⊥ + p2⊥)/k⊥γ+ − 2k2⊥/p2γ+ − 2k2⊥[β(k+ − p+1 − p+2 )− 1]γ+/k⊥ . (231)
Now, combining the above in the integrand, we trace only terms with 1/k2⊥ behavior since these
are the only contributions yielding logarithmic divergence. Integrating over the longitudinal k+
component with the help of the Dirac delta function in Eq. (226)
I1A = 1
8pi2
∫ 2π
0
dϕ
2pi
∫
dβ
2pi
∫ µ2
dk2⊥ k
2
⊥
4k2⊥[β(x1 − p+1 − p+2 )− 1]
k6⊥[βx1 − 1][β(x1 − p+1 )− 1][β(x1 − p+1 − p+2 )− 1]
=
1
pi2
lnµ
∫
dβ
2pi
1
[βx1 − 1][β(x1 − p+1 )− 1]
=
i
pi2
lnµϑ011(x1, x1 − p+1 ) , (232)
where in the last step we restored the omitted causal i0 prescription in the longitudinal de-
nominators use the defining integral Eq. (43) for the generalized step functions. Similarly, we
find
I2A = i
2pi2
lnµ
x1 − p+1 − p+2
p+1 − x1
γ+γ−ϑ011(x1, x1 − p+1 − p+2 ) (233)
− i
2pi2
lnµ
γ+/p2⊥
p+1 − x1
[ϑ011(x1, x1 − p+1 ) + ϑ0111(x1, x1 − p+1 , x1 − p+1 − p+2 )] .
40
To proceed further with other contributions, we compute the following integral first∫ 2π
0
dϕ
2pi
∫ µ2 dk2⊥
k4⊥
p⊥ · k⊥kα⊥ = lnµ pα⊥ . (234)
Here we used the fact that the integrand does not have any vectors but k⊥ so that one can
immediately calculate the average in the two-dimensional transverse plane kα⊥k
β
⊥ → k2⊥δαβ/2.
Thus we obtain
I3A = − i
2pi2
lnµ
γ+/p1⊥ + p
+
2 γ
−γ+
p+1 − x1
ϑ0111(x1, x1 − p+1 , x1 − p+1 − p+2 ) (235)
I3B = i
2pi2
lnµ
γ+(/p⊥1 + /p
⊥
2 )
p+1 − x1
ϑ0111(x1, x1 − p+1 , x1 − p+1 − p+2 ) (236)
I3C = i
2pi2
lnµ
γ+/p
⊥
1
p+1 − x1
ϑ012(x1, x1 − p+1 ) . (237)
Putting all the pieces together, we get
G = αs
pi
ta ⊗ ta lnµ
∫
dy1dy2
∫
dp−1 d
2p1⊥
(2pi)4
∫
dp−1 d
2p2⊥
(2pi)4
δ(x1 + x2 − y1 − y2)
× ψ¯(p1)
{
2ϑ011(x1, x1 − y1)−
2y2
y1 − x1ϑ
0
111(x1, x1 − y1,−x2)
+ γ+γ−
[
y2
y1 − x1ϑ
0
111(x1, x1 − y1,−x2)−
x2
y1 − x1ϑ
0
11(x1, x1 − y1 − y2)
]
+
γ+/p
⊥
1
y1 − x1 [ϑ
0
12(x1, x1 − y1)− ϑ011(x1, x1 − y1)− ϑ0111(x1, x1 − y1,−x2)]
+
γ+/p⊥2
y1 − x1ϑ
0
111(x1, x1 − y1,−x2)
}√
2(1 + γ5)
4
ψ(p2) . (238)
Finally, using equations of motion for the (anti)quark fields, with neglected gluon field since we
after the two-to-two transitions only, (p+2 γ
− + /p2⊥)ψ(p2) = 0 and ψ¯(p1)(p
+
1 γ
− + /p1⊥) = 0, we
can trade transverse momenta accompanying the good component of the quark to the bad quark
fields. This way we arrive at Eqs. (89)-(92).
B Flavor singlet 2→ 2 transitions
We complement the non-singlet analysis performed in the body of the paper with particle results
involving the singlet sector. In all cases we found agreement with corresponding expressions
reported in Ref. [12].
B.1 Quasi-partonic operators
To start with, we present the quasipartonic quark-antiquark to gluon-gluon kernels and gluon-
gluon transitions as well.
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Figure 13: Two-to-two quark-gluon transitions in Eq. (239). The color structures Cc are defined
in Eq. (73).
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Figure 14: Two-to-two quasipartonic gluon-gluon transition of Sect. B.1.2. The induced color-
flow structure is defined in Eq. (73).
B.1.1 Oi1i2(x1, x2) = {ψi1+ χ¯i2+ , ψ¯i1+χi2+ , ψi1+ ψ¯i2+ , χ¯i1+χi2+}(x1, x2)
In the singlet sector, the quark-antiquark evolution will produce extra annihilation-type contri-
butions shown by the first two graph in Fig. 13
[KO]i1i2(x1, x2) = ...−
∫
[D2y]2K1(x1, x2|y1, y2)
∑
f
{
[C4]
i1i2
i′1i
′
2
ψ¯
i′1f
+ (y1)ψ
i′2f
+ (y2)
+ [C˜4]
i1i2
i′1i
′
2
χ
i′1f
+ (y1)χ¯
i′2f
+ (y2)
}
− i
∫
[Dy2]2
{
[C5]
i1i2
ab K2 + [C6]
i1i2
ab K3
}
(x1, x2|y1, y2)fa++(y1)f¯ b++(y2) , (239)
in addition to already computed transitions, denoted above by ellipses, and given in Eqs. (76)
and (77). The index f runs over all quark flavors. The last line represents transitions into gluons,
exhibited by the last two graphs in Fig. (13). The color structures are displayed in Eq. (73). The
transition kernels then read
K1(x1, x2; y1, y2) =
4x1x2ϑ
0
11(x1,−x2)
(x1 + x2)2
, (240)
K2(x1, x2; y1, y2) =
2x2
y1y2
{
x1(y2 − y1)
(x1 + x2)2
ϑ011(x1,−x2)− ϑ0111(x1, x1 − y1,−x2)− ϑ011(x1 − y1,−x2)
}
,
(241)
K3(x1, x2; y1, y2) = 2
x1 − y2
y1y2
ϑ0111(x1, x1 − y2,−x2) +
2x1x2(y1 − y2)
y1y2(x1 + x2)2
ϑ011(x1,−x2) . (242)
In the following two subsection, we will list our results of the evolution kernels for the pure
gluonic transitions.
42
B.1.2 Oab(x1, x2) = {fa++f b++, f¯a++f¯ b++}(x1, x2)
For gluon blocks of the same chirality, the nonvanshing Feynman graphs that induce the transition
[KO]ab(x1, x2) =
∫
(D2y)2{[C7]aba′b′K1 + [C8]aba′b′K2}(x1, x2|y1, y2)Oa
′b′(y2, y2) , (243)
are given in Fig. 14 and produce
K1(x1, x2; y1, y2) =
x31 + x
2
1(2x2 − y1 + y2)− x2y1(x1 + 2x2)
(x1 − y1)y1y2 ϑ
0
111(x1, x1 − y1,−x2)
+
x1x2(x1 + y1)(x2 + y2)
(x1 − y1)y1y2 ϑ
1
111(x1, x1 − y1,−x2) +
x1x2
y1y2
ϑ011(x1,−x2) , (244)
K2(x1, x2; y1, y2) =
x31 + x
2
1(2x2 − y2 + y1)− x2y2(x1 + 2x2)
(x1 − y2)y1y2 ϑ
0
111(x1, x1 − y2,−x2)
+
x1x2(x1 + y2)(x2 + y1)
(x1 − y2)y1y2 ϑ
1
111(x1, x1 − y2,−x2) +
x1x2
y1y2
ϑ011(x1,−x2) . (245)
Here we again observe the “exchange symmetry” elaborated in details in Sects. 4.3.2 and 4.3.3.
In the present case, it implies the simultaneous interchange of a↔ b and z1 ↔ z2.
B.1.3 Oab(x1, x1) = {fa++f¯ b++}(x1, x2)
Finally, the opposite-chirality gluon sector evolves as
[KO]ab(x1, x2) =
∫
[D2y]2{[C7]aba′b′K1 + [C8]aba′b′K2}(x1, x2|y1, y2)Oa
′b′(y2, y2) , (246)
according to nontrivial Feynman diagrams in Fig. 15 with
K1(x1, x2; y1, y2) =
x21x2 + x1(x2 − 2y1)y1 + 2(x2 − y1)2y1
(y1 − x1)y1y2 ϑ
0
111(x1, x1 − y1,−x2)
+
x1x2(x1 + 2x2 − y1)(x1 + y1)
(x1 − y1)y1y2 ϑ
1
111(x1, x1 − y1,−x2)
− x1x2(x
2
1 + x2(3x2 − 2y1) + 2x1(2x2 + y1))
(x1 + x2)2y1y2
ϑ011(x1,−x2) , (247)
K2(x1, y1; y1, y2) =
2(x1 − y2)2
y1y2
ϑ0111(x1, x1 − y2,−x2)
+
2x1x2(x2(x2 − y1) + x1(x2 + y1))
(x1 + x2)2y1y2
ϑ011(x1,−x2) . (248)
All other quasipartonic singlet transitions can be found in the literature [5, 8, 10, 12]
B.2 Non-Quasipartonic operators
In this Appendix, we complement non-quasipartonic operators with purely gluonic transitions,
thus extending the consideration of Sect. 4.2.
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Figure 15: Two-to-two transition of quasipartonic gluon-gluon fields in sect. B.1.3 where the
color structures are define in Eq. (73).
B.2.1 Gluon-gluon transitions of same chiralities
Extending the class of non-singlet operators Eq. (85) to gluons, we introduce two doublets of
gluonic blocks,
O
ab
+ =
{(
fa+− ⊗ f b++
fa++ ⊗ f b+−
)}
, Oab− =
{(
fa++ ⊗ D¯−+f b++
D¯−+fa++ ⊗ f b++
)}
. (249)
Then the transition equation can be written as in the quasipartonic case
[KO+]ab(x1, x2) = −[C7]aba′b′
∫
(D2y)2K(x1, x2|y1, y2)Oa′b′+ (y1, y2), (250)
though the kernels are now matrix valued and obviously have different components
K11 =
x1x2 (y
2
1 − 2y1y2 − 2y22)ϑ011(x1,−x2)
y1y2(y1 + y2)(x2 − y2)
+
x1 (2x1y2(y1 + y2) + y
2
1x2)ϑ
0
11(x1, x1 − y1)
y2(y1 + y2)2(y2 − x2)
− x2 (2y1(y1 + y2)
3 − x1 (2y31 + 5y21y2 − 2y32))ϑ011(x1 − y1,−x2)
y1y2(y1 + y2)2(y2 − x2) , (251)
K12 =
x1 (x2y
2
1 + 2x1y2(y1 + y2))ϑ
0
11(x1, x1 − y1)
y1(x1 − y1)(y1 + y2)2
− x1x2(3y1 + 2y2)ϑ
0
11(x1,−x2)
y1(x1 − y1)(y1 + y2) +
x1y2x2(3y1 + 2y2)ϑ
0
11(x1 − y1,−x2)
y1(x1 − y1)(y1 + y2)2 , (252)
K21 =
x1x2y1(2y1 + 3y2)ϑ
0
11(x1, x1 − y1)
y2(y1 + y2)2(x2 − y2) −
x1x2(2y1 + 3y2)ϑ
0
11(x1,−x2)
y2(y1 + y2)(x2 − y2)
+
x2 (2y
2
1x2 + y
2
2(y1 − x2) + 2y1y2x2 + y32)ϑ011(x1 − y1,−x2)
y2(y1 + y2)2(x2 − y2) , (253)
44
K22 =
x1 (x2 (2y
3
1 − 5y1y22 − 2y32) + 2y2(y1 + y2)3)ϑ011(x1, x1 − y1)
y1y2(y1 + y2)2(y2 − x2)
+
x1x2 (2y1(y1 + y2)− y22)ϑ011(x1,−x2)
y1y2(y1 + y2)(x2 − y2)
+
x2 (2y
2
1x2 + y
2
2(y1 − x2) + 2y1y2x2 + y32)ϑ011(x1 − y1,−x2)
y1(y1 + y2)2(x2 − y2) . (254)
For Oab− operator set, we find
[KO−]ab(x1, x2) = −[C7]aba′b′
∫
(D2y)2K(x1, x2|y1, y2)Oa′b′− (y1, y2), (255)
where
K11 =
x22 (2y
3
1x2 + 2y
2
1y2x2 + y
3
2(y1 − 2x2) + y22x2(x2 − y1) + y42)ϑ011(x1,−x2)
y1y32(y1 + y2)(x2 − y2)
+
x22 (−x2 (2y21 + 3y1y2 + 2y22) + y22(y1 + y2) + y2x22)ϑ011(x1 − y1,−x2)
y1y2(y1 + y2)2(y2 − x2)
+
1
y1y32(y1 + y2)
2(y2 − x2)
{
y1x
3
2
(
2y31 + 2y
2
1y2 − y1y22 − 2y32
)
+ y32x
2
2(3y1 + 2y2)(y1 + y2)
− 4y32x2(y1 + y2)3 + 2y32(y1 + y2)4 + y1y22x42
}
ϑ011(x1, x1 − y1) , (256)
K12 =
(x21y2 + x1y1(2y1 + y2)− 2y1(y1 + y2)2)ϑ0211(x1, x1 − y1,−x2)
y1y2(y2 − x2) −
x1x
2
2ϑ
0
11(x1,−x2)
y1y2(y1 + y2)
+
x1(x1 + y1)(y2 + x2)ϑ
0
21(x1, x1 − y1)
y1y2(x2 − y2) +
2x22ϑ
0
111(x1, x1 − y1,−x2)
y2(x2 − y2) , (257)
K21 =
2x21ϑ
0
111(x1, x1 − y1,−x2)
y1(y2 − x2) +
x2(x1 + y1)(y2 + x2)ϑ
0
12(x1 − y1,−x2)
y1y2(y2 − x2)
− (y2x2(y1 + 2y2)− 2y2(y1 + y2)
2 + y1x
2
2)ϑ
0
112(x1, x1 − y1,−x2)
y1y2(y2 − x2) −
x21x2ϑ(x1,−x2)
y1y2(y1 + y2)
, (258)
K22 =
x21 (2y2 (y2(x1 + y1) + y
2
1)− y1y2x2 − y1x22)ϑ011(x1, y2 − x2)
y1y2(y1 + y2)2(y2 − x2)
+
x21 (2x1y
2
2(y1 + y2)− y21y2x2 + y21x22)ϑ011(x1,−x2)
y31y2(y1 + y2)(y2 − x2)
− 1
y31y2(y1 + y2)
2(y2 − x2)
{
x41y
2
1y2 − x31y2
(
2y31 + y
2
1y2 − 2y1y22 − 2y32
)
+ x21y
3
1(y1 + y2)(2y1 + 3y2)− 2y31(y1 + y2)3(x1 − x2)
}
ϑ011(x1 − y1,−x2) . (259)
Notice that the graphs defining these transitions are the same as the quasipartonic case.
B.2.2 Gluon-gluon transitions of opposite chiralities
For opposite-helicity gluon operators, we introduce
O
ab =
(
fa+− ⊗ f¯ b++
fa++ ⊗ 12D−+f¯ b+− ,
)
(260)
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and focus on the mixing within the group Oab and disregard transitions into singlet quark oper-
taors. The transition then reads
[KO]ab(x1, x2) = −
∫
[D2y]2
{
[C7]
ab
a′b′K(x1, x2|y1, y2) + [C8]aba′b′K˜(x1, x2|y1, y2)
}
O
a′b′(y1, y2) .
(261)
with the matrix elements being
K11 =
x1
y1y2(y1 + y2)3(y2 − x2)
{
2x32
(
y21 − y1y2 + y22
)− 3y1x22 (y21 + 2y1y2 − y22)
+ 4y1y2x2(y1 + y2)
2 + y1y2(y1 + y2)
3
}
ϑ011(x1,−x2)
− 1
y1y2(y1 + y2)2(y2 − x2)
{
x32
(
y1y2 − 2y21 + 2y22
)
+ y1x
2
2
(
2y21 + 3y1y2 − y22
)
+ 3y1y
2
2x2(y1 + y2) + y1y
2
2(y1 + y2)
2 − 2y2x42
}
ϑ011(x1 − y1,−x2)
+
x1 (x
2
2(3y1 + 2y2)− 2y1y2x2 + y1y2(y1 + y2)− 2x32)ϑ011(x1, x1 − y1)
y2(y1 + y2)2(y2 − x2) , (262)
K12 =
((y1 + y2)
2 − 2y2x2 + x22)ϑ011(x1,−x2)
(y1 + y2)(y2 − x2)
− x1 (x
2
2(3y1 + 2y2)− 2y1y2x2 + y1y2(y1 + y2)− 2x32)ϑ011(x1, x1 − y1)
y2(y1 + y2)2(y2 − x2)
− x1 (y
3
2(y1 + y2) + 2x
3
2(y1 + 2y2)− y2x22(2y1 + y2)− 2y32x2)ϑ011(x1 − y1,−x2)
y22(y1 + y2)
2(y2 − x2) , (263)
K21 =
x21 (−2y21y2 − x22(3y1 + 2y2) + y1y2x2 + 2x32)ϑ011(x1, x1 − y1)
y2(y1 + y2)2(y2 − x2)
+
x21
y1y2(y1 + y2)3(y2 − x2)
{
x22
(
3y31 + 12y
2
1y2 + 5y1y
2
2 + 2y
3
2
)− 2x32 (y21 − y1y2 + y22)
+ y1y2x2(y1 − 3y2)(y1 + y2) + 2y1y2(y1 − y2)(y1 + y2)2
}
ϑ011(x1,−x2)
+
(2x31x
2
2 + x
2
1y1 (2y1y2 − y2x2 + x22) + 2y1y2(y1 + y2)2(x2 − y2))ϑ011(x1 − y1,−x2)
y1(y1 + y2)2(x2 − y2) , (264)
K22 =
x21 (2x
3
2 − 2y21y2 − x22(3y1 + 2y2) + y1y2x2)ϑ011(x1, y2 − x2)
y1y2(y1 + y2)2(y2 − x2)
+
x21
y21y2(y1 + y2)
3(y2 − x2)
{
4y21y2(y1 + y2)
2 + x22
(
3y31 + 14y
2
1y2 + 7y1y
2
2 + 2y
3
2
)
− 2y1x32(y1 − 2y2) + y1y2x2(3y1 − y2)(y1 + y2)
}
ϑ011(x1,−x2)
− 1
y21y
2
2(y1 + y2)
2(y2 − x2)
{
2y52
(
x21 + y
2
1
)
+ 3x21y1y
2
2(5x1 − 7y1)(x1 − y1)
− 2x21y21(x1 − y1)3 − 2x21y1y2(2x1 − 5y1)(x2 − y2)2 + 2y42
(−2x31 + 5x21y1 + 2y31)
+ y32
(
2x41 − 21x31y1 + 23x21y21 + 2y41
)}
ϑ011(x1 − y1,−x2) , (265)
K˜11 =
2x1y1(x2 − y1)2ϑ011(x1 − y2,−x2)
y22(y1 + y2)
2
+
2x1(x1 − y2)2ϑ011(x1, x1 − y2)
y2(y1 + y2)2
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− 2x1 (x
2
2 (y
2
1 + 2y1y2 + 4y
2
2) + y
2
1(y1 + y2)
2 − 2y1x2(y1 + y2)2)ϑ011(x1,−x2)
y22(y1 + y2)
3
(266)
K˜12 =
2(x2 − y1)2 (y21(y1 + y2)− x2 (y21 + y1y2 + y22))ϑ011(x1 − y2,−x2)
y1y
3
2(y1 + y2)
2
− 2x1
y1y
3
2(y1 + y2)
3
{
y31(y1 + y2)
2 + x22
(
y31 + 3y
2
1y2 + 4y1y
2
2 − y32
)
− y1x2(y1 + y2)2(2y1 + y2)
}
ϑ011(x1,−x2)−
2x1(x1 − y2)2ϑ011(x1, x1 − y2)
y1y2(y1 + y2)2
, (267)
K˜21 =
2x1x
2
2 ((y
2
2 − y21)y2 − x1(y21 − y1y2 + y22))ϑ011(x1,−x2)
y1y2(y1 + y2)3
− 2(x1 − y2)
2 ((x1 + y1 − y2)ϑ0111(x1, x1 − y2,−x2) + y1ϑ0112(x1, x1 − y2,−x2))
y1y2
, (268)
K˜22 =
−2x21
y1y32(y1 + y2)
3
{
y21(y1 − y2)(y1 + y2)2 − 2x2
(
y41 + 2y
3
1y2 − y1y32
)
+ x22
(
y31 + 3y
2
1y2 + 4y1y
2
2 − y32
) }
ϑ011(x1,−x2) +
2(x2 − y1)2
y1y32(y1 + y2)
2
{
x22
(
y21 + y1y2 + y
2
2
)
− 2y21x2(y1 + y2) + y1(y1 − y2)(y1 + y2)2
}
ϑ011(x1 − y2,−x2)
− 2x
2
1(x1 − y2)2ϑ011(x1, x1 − y2)
y1y2(y1 + y2)2
. (269)
This concludes our discussion for the two-to-two gluonic transitions in the singlet sector. All the
results presented here coincide with the ones given in Ref. [12].
C Fourier transform
As an example, we start with a coordinates-space kernel
[H12](z1, z2) = z212
∫ 1
0
dα
∫ 1
α¯
dβ
α¯β¯
α
ϕ(zα12, z2, z
β
21) , (270)
where zαij = α¯zi + αzj = (1− α)zi + αzj . Then the Fourier transform takes form
K(x1, x2|y1, y2, y3) = ∂2x1
∫ 1
0
dα
∫ 1
α¯
dβ
α¯β¯
α
δ[x1 − α¯y1 − βy3]
= ∂2x1
∫ 1
0
dα
1
y3
α¯
(
α¯y1 − x1 + y3
)
ϑ011(x1 − α¯(y1 + y3), x1 − y3 − α¯y1)
=
1
y3
∂2x1
{[
(x1 − 2y1 − y3)y1
y3
(
x1 − y1 − y3
y1 + y3
− x1 − y1 − y3
y1
)
− y
2
1
2y3
((
x1 − y1 − y3
y1 + y3
)2
−
(
x1 − y1 − y3
y1
)2)]
ϑ011(x1 − y3, x1 − y1 − y3)
+
[
x1(x1 − 2y1 − y3)
y1 + y3
+
y1
2
(
1−
(
x1 − y1 − y3
y1 + y3
)2)]
ϑ011(x1, x1 − y3)
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+
x1 − y1 − y3
y23
[
ln
(
y1 + y3 − x1
y1
)(
θ(x1 − y1 − y3)− θ(x1 − y3)
)
− ln
(
y1 + y3 − x1
y1 + y3
)(
θ(x1 − y1 − y3)− θ(x1)
)]}
=
x1(y1 + 2y3)− y3(y1 + y3)
y23(y1 + y3)
2(x1 − y1 − y3)θ(x1)−
(x1 − y3)θ(x1 − y3)
y1y23(x1 − y1 − y3)
+
θ(x1 − y1 − y3)
y1(y1 + y3)2
,
(271)
where we have employed the results in Eq. (48). In the last step of differentiation, we have
dropped all the terms proportional to the Dirac delta function and its derivatives since we focus
on expressions away from the kinematical boundaries which are sufficient to confront against the
light-ray results of Ref. [12]. In principle, it is very straightforward to recover the contact terms
as well. In this case, all the calculations follow through as in Eq. (271) until the last step of
differentiation. Then one gets
K =
x1(y1 + 2y3)− y3(y1 + y3)
y23(y1 + y3)
2(x1 − y1 − y3)θ(x1)−
(x1 − y3)θ(x1 − y3)
y1y23(x1 − y1 − y3)
+
θ(x1 − y1 − y3)
y1(y1 + y3)2
+
2
[
x1(y1 + 2y3) + (y1 + y3)
2 ln
(
x2−y2
y1+y3
)]
δ(x1)
y23(y1 + y3)
2
−
2
[
x1 − y3 + y1 ln
(
x2−y2
y1
)]
δ(x1 − y3)
y1y
2
3
−
2
[
y3
(
y21 + (x2 + y1 − y2)y3
)
+ y1(y1 + y3)
2 ln
(
y1
y1y3
)]
δ(y2 − x2)
y1y23(y1 + y3)
2
+
[
x1(x1(y1 + 2y3)− 2(y1 + y3)2)− 2(x2 − y2)(y1 + y3)2 ln
(
x2−y2
y1+y3
)]
δ′(x1)
2y23(y1 + y3)
2
−
[
x22 − y21 − 2x2y2 + y22 − 2y1(x2 − y2) ln
(
x2−y2
y1
)]
δ′(x1 − y3)
2y1y23
+
(x2 − y2)
[
y3(2y
2
1 + (x2 + 2y1 − y2)y3) + 2y1(y1 + y3)2 ln
(
y1
y1+y3
)]
δ′(y2 − x2)
2y1y23(y1 + y3)
2
, (272)
where we invoked the momentum conservation condition x1 + x2 = y1 + y2 + y3 to simplify the
expression. The extra delta-function terms can be recovered within the momentum formalism as
well by properly taking into account field renormalization as discussed in Sect. 4.
D Equation-of-motion graphs
In the preceding Appendix A illustrating the good-bad two-to-two transitions, we already had to
rely on the use of equations of motion to produce correct evolution kernels. We ignored however
the effects of the gluon field. In the analysis of the two-to-three transitions, we have to restore
this neglected contributions. Here we demonstrate how this can be achieved. We will choose a
nontrivial diagram from Sect. 4.3.3 to illustrate our point. For simplicity we only consider quark
fields. For gluons, similar logic is applicable in a straightforward fashion though the algebra gets
48
a bit more involved. We start with the equation for a massless quark field,
/Dψ(z) =
(
/∂ − ig /A(z))ψ(z) = 0 (273)
that translates in momentum space to
/pψ(p) = −g
∫
d4p′ /A(p′)ψ(p− p′) . (274)
As before, the fields’ momenta do not possess the “−” components.
A way to extract the gluon splitting off the quark line due to the equation of motion is
to collect terms proportional to /p. In practice, however, this proves to be extremely difficult.
The trick instead is to explicitly spill a gluon off the quark line with ordinary Feynman rules,
ψ(p)→ ψ(p1)A(p2) as shown in the graph
PSfrag replacements
p1 p2
p1 + p2
a µ
b ν
The emerging quark propagator P(p1+p2) has a pole as it goes on-shell due to the collinearity of
emitted gluon off a collinear quark. However, we can introduce nonvanishing transverse momenta
for outgoing quarks and gluons and then collect the terms of the form (p1 + p2)
2 = (p1 + p2)
2
⊥ to
cancel the singular denominator in P(p1 + p2).
As an explicit example, let us consider the diagram
PSfrag replacements
i
i′
a
da′
k1 k2
p1 p2p3
k1 − p1
k1 − p3
C1
C1 + C2
−(C1 + C3)
(C1 + C3);C1; (−C3)
C2
C3
C3 + C6 − C5
C4
C4 − C5
C5
C6 − C5
C6
C6
that corresponds to the transition of f¯a++(y1)ψ−(y2) into f¯
a
++(y1)ψ+(y2)f¯
d
++(y3). In the light cone
gauge, this can be translated into the expression
I =
4
√
8γ⊥σγα⊥γ¯⊥γ
+γ−/k2γν/q⊥ /A⊥
4k2k22(p1 − k)2q2⊥
(
(2p1 − k)λgµσ + (2k − p1)σgµλ − (k + p1)µgλσ
)
×
(
gαλ − kαnλ + kλnα
k+
)(
gµν − (p1 − k)µnν + (p1 − k)νnµ
(p1 − k)+
)
, (275)
wherer k ≡ k1, q ≡ p2 + p3. Performing the Sudakov decomposition for all momenta and per-
forming some algebra, we find
I = −g
3 4
√
2
√
2A¯⊥Γ lnµ
8pi2(x1 − y1)y1y3
[
x1ϑ
0
111(x1, x1 − y1,−x2) + ϑ0112(x1, x1 − y1,−x2)
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+ (x21 + (x2 − y1)y1 + x1(x2 + y1)ϑ1112(x1, x1 − y1,−x2))
+ (x1 + y1)ϑ
1
111(x1, x1 − y1,−x2)
]
(tetd)ii′f
aa′e , (276)
where we have restored the color structures and Γ = γ+(1 − iγ1γ2) is the matrix structure cor-
responding to the projection onto operator f¯a++(y1)ψ+(y2)f¯
d
++(y3). Here only terms proportional
to q2⊥ are kept since they are the ones corresponding to the equation of motion operators that we
are dealing with. We should point out that our management of the equation-of-motion diagrams
coincide with the procedures described in Ref. [23].
E Light-ray kernels in section 4.3.2 and 4.3.3
Here we convert our diagrammatic results given in Sects. 4.3.2 and 4.3.3 into the coordinate
space. This is done by inverse-Fourier transform the corresponding kernels in momentum space
making use of formulas in Sect. 3.2 and applied in Appendix C.
E.1 Coordinate kernes for Sect. 4.3.2
We start with the operators involving transverse derivatives2 Oia(z1, z2) =
1
2
D−+ψ¯i+(z1)f¯
a
++(z2)
and Oia(z1, z2) = ψ¯
i
+(z1)
1
2
D−+f¯a++(z2) evolving into O
iad(z1, z2, z3) = g
√
2ψ¯i+(z1)f¯
a
++(z2)f¯
d
++(z3).
For both of them, the transition gets decomposed into the same color-flow structures and reads
[H(2→3)O]ia(z1, z2) =
6∑
c=1
[Cc]
ia
a′i′d[HcO
i′a′d](z1, z2, z3) , (277)
where Cc are defined in Eq. (158). The kernels for the first operator, i.e.,
1
2
D−+ψ¯i+(z1)f¯
a
++(z2)
read
[H1O]
ia(z1, z2) = z12
{∫ 1
0
dββ¯Oi
′a′d(z1, z2, z
β
12) +
∫ 1
0
dα
∫ 1
α¯
dβ
β¯2
β
O
i′a′d(zα21, z2, z
β
12)
+ 2
∫ 1
0
dα
∫ 1
α¯
dβ αβ¯Oi
′a′d(z1, z
α
12, z
β
21)
}
, (278)
[H2O]
ia(z1, z2) = z12
∫ 1
0
dα
∫ 1
α¯
dβ
α¯β
α
(
2− α¯β¯
αβ
)
O
i′a′d(zα12, z2, z
β
21) , (279)
[H3O]
ia(z1, z2) = −z12
{∫ 1
0
dββ¯Oi
′a′d(z1, z
β
12, z2) +
∫ 1
0
dα
∫ 1
α¯
dβ
β¯2
β
O
i′a′d(zα21, z
β
12, z2)
+ 2
∫ 1
0
dα
∫ 1
α¯
dβ αβ¯Oi
′a′d(z1, z
β
21, z
α
12)
}
, (280)
[H4O]
ia(z1, z2) = −2z12
∫ 1
0
dα
∫ 1
α¯
dβ α¯βOi
′a′d(z2, z
α
12, z
β
21) , (281)
[H5O]
ia(z1, z2) = z12
{∫ 1
0
dα
∫ 1
α¯
dβ
α¯β
α
(
2− α¯β¯
αβ
)
O
i′a′d(zα12, z
β
21, z2)
− 2
∫ 1
0
dα
∫ α¯
0
dβ α¯βOi
′a′d(z2, z
α
12, z
β
21)
}
, (282)
2Here, Oia and Oi
′
a
′
d corresponds to operator X and Y in Ref. [12], respectively.
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[H6O]
ia(z1, z2) = −z12
∫ 1
0
dα
∫ 1
α¯
dβ
α¯β
α
(
2− α¯β¯
αβ
)
O
i′a′d(zα12, z
β
21, z2) . (283)
Here the symmetry of a↔ d, w2 ↔ w3 described in the main text of Sect. 4.3.2 becomes manifest.
Notice that the kernels H1 and H3 can be mapped into each other by a simple exchange of the
gluon fields O(w1, w2, w3)↔ O(w1, w3, w2). This serves as another check for our kernels.
For the Oia(z1, z2) = ψ¯
i
+(z1)
1
2
D−+f¯a++(z2) case, we find
[H1O]
ia(z1, z2) = z12
{∫ 1
0
dα
∫ 1
α¯
dβ
α¯2β
α
O
i′a′d(z1, z
β
12, z
α
21)−
∫ 1
0
dβ β¯Oi
′a′d(z1, z2, z
β
12)
+
∫ 1
0
dα
∫ 1
α¯
dβ
αβ¯2
β
(
2− α¯β¯
αβ
)
O
i′a′d(z1, z
α
12, z
β
21)
+
∫ 1
0
dα
∫ α¯
0
dβ βOi
′a′d(zα12, z2, z
β
21)
}
, (284)
[H2O]
ia(z1, z2) = z12
∫ 1
0
dα
∫ 1
α¯
dβ βOi
′a′d(zα12, z2, z
β
21) , (285)
[H3O]
ia(z1, z2) = −z12
{∫ 1
0
dα
∫ 1
α¯
dβ
α¯2β
α
O
i′a′d(z1, z
α
21, z
β
12)−
∫ 1
0
dβ β¯Oi
′a′d(z1, z
β
12, z2)
+
∫ 1
0
dα
∫ 1
α¯
dβ
αβ¯2
β
(
2− α¯β¯
αβ
)
O
i′a′d(z1, z
β
21, z
α
12)
+
∫ 1
0
dα
∫ α¯
0
dβ βOi
′a′d(zα12, z
β
21, z2)
}
, (286)
[H4O]
ia(z1, z2) = −z12
{∫ 1
0
dα
∫ 1
α¯
dβ α¯β¯Oi
′a′d(z2, z
α
12, z
β
21) +
∫ 1
0
∫ α¯
0
dβ α¯β¯Oi
′a′d(z2, z
β
21, z
α
12)
}
,
(287)
[H5O]
ia(z1, z2) = −z12
{∫ 1
0
dα
∫ 1
α¯
dβ α¯β¯Oi
′a′d(z2, z
β
21, z
α
12) +
∫ 1
0
∫ α¯
0
dβ α¯β¯Oi
′a′d(z2, z
α
12, z
β
21)
+
∫ 1
0
dα
∫ 1
α¯
dβ βOi
′a′d(zα12, z
β
21, z2)
}
, (288)
[H6O]
ia(z1, z2) = −z12
∫ 1
0
dα
∫ 1
α¯
dβ βOi
′a′d(zα12, z
β
21, z2) . (289)
E.2 Coordinate kernels for Sect. 4.3.3
As in Sect. E.1, we present here coordinate-space transition of Oai(z1, z2) = f¯
a
++(z1)ψ
i
−(z2) and
Oai(z1, z2) =
1
2
D−+f¯a++(z1)ψ
i
+(z2) into three-particle operator O
aid = g
√
2f¯a++(z1)ψ
i
+(z2)f¯
d
++(z3).
The action of the Hamiltonian yields the decomposition
[H(2→3)O]ai(z1, z2) =
6∑
c=1
[Cc]
ia
a′i′d[HcO
a′i′d](z1, z2, z3) , (290)
where the color structures are introduced in Eq. (174).
Then for f¯a++(z1)ψ
i
−(z2), we get
[H1O]
ai(z1, z2) = −z212
{
2
∫ 1
0
dα
∫ α¯
0
dβ
∫ α¯
β
dγ α¯γOa
′i′d(zα12, z
β
21, z
γ
21)
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+∫ 1
0
dα
∫ 1
α¯
dβ β¯Oa
′i′d(z1, z
α
12, z
β
21)
}
, (291)
[H2O]
ai(z1, z2) = −z212
{
2
∫ 1
0
dα
∫ α¯
0
dβ
∫ 1
α¯
dγ α¯γOa
′i′d(zα12, z
β
21, z
γ
21)
−
∫ 1
0
dα
∫ α
0
dβ αOa
′i′d(zα21, z
β
21, z1)
}
, (292)
[H3O]
ai(z1, z2) = z
2
12
{
2
∫ 1
0
dα
∫ α¯
0
dβ
∫ β
0
dγ α¯γOa
′i′d(zα12, z
β
21, z
γ
21)
+
∫ 1
0
dα
∫ 1
α¯
dβ
α¯β¯
α
O
a′i′d(z1, z
α
21, z
β
12)
}
, (293)
[H4O]
ai(z1, z2) = 2z
2
12
∫ 1
0
dα
∫ 1
α¯
dβ
∫ α¯
0
dγ α¯γOa
′i′d(zα12, z
β
21, z
γ
21) , (294)
[H5O]
ai(z1, z2) = z
2
12
{
2
∫ 1
0
dα
∫ 1
α¯
dβ
∫ 1
α¯
dγ α¯γOa
′i′d(zα12, z
β
21, z
γ
21)
+
∫ 1
0
dα
∫ 1
α¯
dβ
α¯β¯
α
O
a′i′d(zβ12, z
α
21, z1)
}
, (295)
[H6O]
ai(z1, z2) = −z212
{
2
∫ 1
0
dα
∫ 1
α¯
dβ
∫ 1
β
dγ α¯γOa
′i′d(zα12, z
β
21, z
γ
21)
+
∫ 1
0
dα
∫ 1
α¯
dβ
α¯β¯
α
O
a′i′d(zβ12, z
α
21, z1)
}
. (296)
Here the w1 ↔ w3 symmetry is readily observed. While for 12D−+f¯a++(z1)ψi+(z2) case, the tran-
sitions are
[H1O]
ai(z1, z2) = z12
{∫ 1
0
dβ β¯Oa
′i′d(z1, z2, z
β
12) +
∫ 1
0
dα
∫ 1
α¯
dβ
αβ¯2
β
(
2− α¯β¯
αβ
)
O
a′i′d(zα21, z2, z
β
12)
+
∫ 1
0
dα
∫ α¯
0
dβ
∫ α¯
β
dγ α¯γ
(
4− αγ
α¯γ¯
)
O
a′i′d(zα12, z
β
21, z
γ
21)
+
∫ 1
0
dα
∫ α¯
0
dβ
∫ 1
α¯
dγ α¯γ
(
2 +
α¯γ¯
αγ
)
O
a′i′d(zγ21, z
β
21, z
α
12)
+
∫ 1
0
dα
∫ 1
α¯
dβ
α¯2β
α
O
a′i′d(zβ21, z2, z
α
12)
}
, (297)
[H2O]
ai(z1, z2) = −z12
{∫ 1
0
dβ β¯Oa
′i′d(zβ12, z2, z1) +
∫ 1
0
dα
∫ 1
α¯
dβ
αβ¯2
β
(
2− α¯β¯
αβ
)
O
a′i′d(zβ12, z2, z
α
21)
+
∫ 1
0
dα
∫ α¯
0
dβ
∫ α¯
β
dγ α¯γ
(
4− αγ
α¯γ¯
)
O
a′i′d(zγ21, z
β
21, z
α
12)
+
∫ 1
0
dα
∫ α¯
0
dβ
∫ 1
α¯
dγ α¯γ
(
2 +
α¯γ¯
αγ
)
O
a′i′d(zα12, z
β
21, z
γ
21)
+
∫ 1
0
dα
∫ 1
α¯
dβ
α¯2β
α
O
a′i′d(zα12, z2, z
β
21)
}
, (298)
[H3O]
ai(z1, z2) = z12
{∫ 1
0
dα
∫ α¯
0
dβ
∫ β
0
dγ α¯γ
(
4− αγ
α¯γ¯
)
O
a′i′d(zα12, z
β
21, z
γ
21)
52
+∫ 1
0
dα
∫ 1
α¯
dβ
∫ 1
β
dγ α¯γ
(
2 +
α¯γ¯
αγ
)
O
a′i′d(zγ21, z
β
21, z
α
12)
}
, (299)
[H4O]
ai(z1, z2) = −z12
{∫ 1
0
dα
∫ 1
α¯
dβ
∫ α¯
0
dγ α¯γ
(
4− αγ
α¯γ¯
)
O
a′i′d(zα12, z
β
21, z
γ
21)
+
∫ 1
0
dα
∫ 1
α¯
dβ
∫ 1
α¯
dγ α¯γ
(
2 +
α¯γ¯
αγ
)
O
a′i′d(zγ21, z
β
21, z
α
12)
−
∫ 1
0
dα
∫ 1
α¯
dβ
∫ 1
β
dγ α¯γ
(
2 +
α¯γ¯
αγ
)
O
a′i′d(zγ21, z
β
21, z
α
12)
}
, (300)
[H5O]
ai(z1, z2) = −z12
{∫ 1
0
dα
∫ α¯
0
dβ
∫ β
0
dγ α¯γ
(
4− αγ
α¯γ¯
)
O
a′i′d(zγ21, z
β
21, z
α
12)
+
∫ 1
0
dα
∫ 1
α¯
dβ
∫ α¯
0
dγ α¯γ
(
4− αγ
α¯γ¯
)
O
a′i′d(zγ21, z
β
21, z
α
12)
+
∫ 1
0
dα
∫ 1
α¯
dβ
∫ 1
α¯
dγ α¯γ
(
2 +
α¯γ¯
αγ
)
O
a′i′d(zα12, z
β
21, z
γ
21)
}
, (301)
[H6O]
ai(z1, z2) = z12
{∫ 1
0
dα
∫ 1
α¯
dβ
∫ 1
β
dγ α¯γ
(
2 +
α¯γ¯
αγ
)
O
a′i′d(zα12, z
β
21, z
γ
21)
+
∫ 1
0
dα
∫ α¯
0
dβ
∫ β
0
dγ α¯γ
(
4− αγ
α¯γ¯
)
O
a′i′d(zγ21, z
β
21, z
α
12)
}
. (302)
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